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Abstract. This work is devoted to the development of qualitative methods for the study
of nonlinear heterogeneous structures, models of which are elliptic equations, which describe
complex nonlinear processes in heterogeneous media. They may also include the structures,
consisting of several parts (phases or layers): multiphase solid and liquid materials; optic
fiber and optic cable layers, anisotropic medium, etc. Relevance of the chosen direction
is due to the fact that many processes in heterogeneous environments under conditions
of high temperatures, heavy loads and significant deformations are described using nonli-
near differential equations with discontinuous (singular) data (coefficients, right-hand side,
boundary and initial conditions, etc.). At the same time, the concept of weak solutions that
meet the modern needs of mathematical physics arose. Nonlinear differential equations have
a complex structure, which actually makes them impossible to study by finding solutions in
an explicit form. Therefore, the development of qualitative methods for their investigations
becomes an extremely important tool. This paper considers mathematical models of multi-
layer optic fiber and cable, which consist of 3 and 5 different materials respectively with
different properties. Using potential theory, the behavior of a weak solution of this equation
at a fixed point is estimated and analyzed by the value of the nonlinear Wolff potential
from the right hand side. We study pointwise properties that play a key role in the further
study: expansion of positivity Harnack’s inequalities, regularities and others. The paper di-
scusses also the application of the obtained theoretical results for the problem of modeling
and analyzing of optic fiber and optic cable modern technologies.

Keywords: multiphase (double phase) equations, optic fiber models, (p(x), ¢(x))— Laplace,
Wolff potential, weak solution, pointwise estimates.
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1. Introduction

We focus here on the development of qualitative methods of nonlinear analysis for the
study of double-phase elliptic equations with variable exponents and their applications in
modern optic technologies. The active development of the problem under consideration is
evidenced by numerous high citing publications during the past 2-3 years in leading journals:
V. Bogelein, F. Duzaar, P. Marcellini, C. Scheven [2|, V. Bogelein, M.Strunk [1], C. De
Filippis, G. Mingione [5] and others. The double-phase elliptic equations of the divergence
form were studied in first in the papers |9, 10] as models of strictly anisotropic materials and
for the description of Lavrent’ev phenomenon. Hélder continuity and Harnack’s inequality
for bounded solutions to the homogeneous equation were obtained in [1], [6] under the same
conditions, which we have herein .

These works were fundamental for further studies of the existence and regularity of
solutions of various types of problems for such equations. The novelty of the results of this
paper is the development of new functional methods of nonlinear analysis for the study of new
actual problems, the mathematical models of which are double-phase elliptic equations with
variable exponents. We introduce here the new potential estimates for the weak nonnegative
solutions via nonlinear Wolff potential of the right hand side f € L! of the equation and
discuss their applications in the modeling of optic fiber devices.

The considering class of double-phase equations serves as mathematical model of media
including structures which consist of several parts (phases or layers): multiphase solid and
liquid materials; porous, anisotropic media; optic fiber layers, optic cable layers, light diodes,
semiconductors devices, etc. The relevance of the chosen direction is due to the fact that many
processes in heterogeneous environments under conditions of high temperature, heavy loads
and significant deformations are described by using similar equations and with discontinuous
(singular) data (coefficients, right-hand side, boundary and initial conditions, etc.). In our
case this is a right hand side f € L!. At the same time, the concept of weak solutions is widely
used, which meets the modern needs of mathematical physics. Nonlinear differential equations
have a complex structure, which actually makes it impossible to study them by finding
solutions in an explicit form. Therefore, the development of qualitative methods of analysis
becomes an extremely important tool. In the present manuscript we obtain new pointwise
estimates for the weak nonnegative solution via nonlinear Wolff potential from the right
hand side of elliptic equations with non-standard growth conditions, (p,q)— double-phase
equations, with variable exponents: p(x),¢(x). Obtained in the manuscript new pointwise
properties for the weak solutions via nonlinear Wolff potential from the right-hand side f € L!
will explore fundamental qualitative properties that play a key role in further studying the
behavior of solutions: boundedness, expansion of positivity, Holder continuity, and Harnack’s
inequalities.

The main results of the current paper are expansions of the works [1] and [8]| for the
case of double-phase elliptic equations with variable exponents p(z), ¢(x).

We consider also mathematical models of multilayer optic fiber and multilayer optic
cable, which consist of 3 and 5 different materials with different properties and discuss the
application of the obtained theoretical results for the problem of modeling and analyzing of
optic fiber and optic cable modern technologies.
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2. Statement of the problem

In a bounded domain 2 C R", n > 2 we consider a double-phase elliptic equation with
variable exponents:

—div [([TulD + a(@)|Vul 1D ) V] = f(z) 20, 6

—divA(z, Vu) = f(z) >0, (2)

where f(x) € L'(2). We assume that the function A(z, &) = [£[P@)~1 4 a(z)|£[1®~1 : Q x
R™ — R" satisfies the conditions

1) A(z, §) satisfies the Carathéodory condition,

2) Az, )€ > i (1€ + a(x)|E["®),

3) [A(z,€)| < pa(€PP7" + alx)[g]707),

with some constants pq, po > 0.

We also assume that

0<a(z) € C* (), ac(0,1].

Let M be a set of all measurable functions, p(x), ¢(x) : Q@ — (1, 00). For p(z), ¢(z) € M,
we set:

p- = essinfcqp(x), ¢- = essinf,cqq(z), py = esssup,cap(x), ¢+ = esssup,cqaq().

We assume the following for the powers of nonlinearity:

~——

<p, <q <qy<mi nlp-—1)
1<p <p;<q <q <min(p_+a, gy <. (3

Let us introduce the necessary definitions.

Definition 1. Let G(z,t) = t(t*@~! + a(2)t4@=1). Then W'Y(Q) denotes the class of
functions v that are weakly differentiable in 2 and satisfy the condition

/G(a(x), |Vu|) dx < 0.

Q

Definition 2. We say that u is a weak solution to Eq. (2), if u € WH%(Q) and it satisfies
the integral identity

/ Az, V)V da = Q/ fod, (@)

Q
o LG
forall p e W (Q).

In the case of Eq.(1) condition (4) takes the form:

/ (|Vu|p(g”)71 + a(:v)\Vu|q(z)’1) Vodr = /fgpda:. (5)
0

Q
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We will prove the pointwise estimates for a nonnegative weak solution to the double-
phase equation (1) in terms of the nonlinear Wolff potentials:

N Com:
; pla)—n R
W ('IO)R):Z p] fdl' apjzgv.]:()al)
=0 Bﬂj(mo)
1
~ q(x)—1
Wi o (@o, B) =" | pt9" fdzx L
La(x) 0 o ‘ p] » Pj= 2]7 J=U 1 .y
=0 By (o)

under assumption that the series in the above formulae are convergent, i.e. the Wolff potentials
are finite.

Let us note that double-phase elliptic equations of the divergence form were studied in
first in the papers [0, 10| as models of strictly anisotropic materials and for the description of
Lavrent’ev phenomenon. Holder continuity and Harnack inequality for bounded solutions to
the homogeneous equation (1) (with function f = 0) were obtained in [1], [6] under conditions

(3).
3. Main result

The main result of the present work is the following theorem.

Theorem 3. Let u € WYY (Q)NL>® be a nonnegative weak solution to Eq. (1). Let conditions

(3) be satisfied and let [a]coaiq) ==  sup mﬁ?_—ﬁw Assume also that the point xoy € § is
z,yeN, x#y
such that By,(zo) C Q. Then there exist constants ci, c2 > 0 depending only on p_, q1, n,

[a]coaiqy and ||ul|7e o such that, under condition a(xg) = 0 the following estimate holds:

L(Q)
C1W1ij, (w0, p) < u(zo) < 2 iI(lfO)u + C2W1Jip, (w0, 2p). (6)
o(x
If a(xg) > 0 and p§ = onjm > p, then there exist constants cs, ¢4 > 0 depending
on p_, g4, N, [alcoaq) HuH‘” p and a(xq) such that the following estimate
03W17q+(x0, p) < p+u(xy) <3p+ C4Bmf0 u+ C4W1f (x0,2p) (7)
o (T

holds.
Under conditions a(xg) > 0 and py < p will be true the estimate

C3W1fq+(xo,/)) + Cz(Wf (20, p) — Wlfp (20, p0)) < p+u(zo) <

<3p+ Ca mf u + e Wi . (T0,2p) + c4(W1p (x0,2p) — Wlfp (x0,2p0))- (8)

Proof. The result of this theorem will follow from the analogue result, proved in || for
the double-phase equation with constant powers of nonlinearity p, q :

—div [(|Vu|'~? + a(2)|Vu|!*)Vu] = f(z) >0, 9)
with
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—1
1<p§q§min<p+a,n(p—)), q <n. (10)

Taking into account our conditions (3), we have the statement of our theorem as a
consequence of the analogous result for Eq.(9), see [1].

Remark 4. In the case a(xy) = 0 inequality (6) yields the known result of Kilpeldinen and
Maly [7], where there were obtained the pointwise estimates of solutions to a quasilinear
elliptic equation with the p-Laplace and measure g on the right-hand side with the help of
the nonlinear Wolff potential Wj | (zo, R):

(1B (w0)) \ 7 R
Wéip_(xOy R) = Z (np_# yPj = 57, ] = O, 1, 2, (]_1)

=0\ Pj ¥

4. Applications to the multi layers optic fiber models.
Consider the multilayer optic fiber model, described by the exponents:

p1 oz €8y, @ T € Q,
p2 €y, @2 €y,

p) =4 ps €, q@)=q ¢ €, (12)
Pn TE Qn; qn T EC Qm

with the constant p;, ¢;, 1 = 1, ..., n, depending on the number of layers in the optic fiber. In
this case of discrete-valued p(z) and ¢(zx), we stand
p- = min p;, ¢ = min g, py = Max p;, ¢y = max g;.
i=1,..,n i=1,..,n i=1,..,n i=1,...,n
As usual, optic cable is a carefully designed multilayer designed to protect sensitive optic fiber
and ensure its optimal performance under various environmental conditions and mechanical
loads. The main components working in interaction include:

e Core: (21, The innermost part of the cable, serving as a way to transmit light. It is
usually made of high-purity glass or, less commonly for single-mode fibers, of plastics;

e Cladding: €25, The optical layer immediately surrounding the core. Its material
composition is chosen to have a lower refractive index than the core, which is a
critical property that contributes to the complete internal reflection and retention of
light in the core;

e Buffer layer: ()3, A protective coating applied directly over the shell. This layer
provides substantial physical protection to the fiber, protecting it from minor abrasive
damage, impact and exposure to environmental elements;

e Power elements: (), These components are strategically integrated into the cable
structure to provide tensile strength and mechanical reinforcement, protecting the
optic fiber from stretching, bending, and crushing;

e Coating: ()5, The outer protective layer of the cable. This layer provides comprehensi-
ve protection against moisture, ultraviolet radiation, chemicals and mechanical damage,
and often serves to identify the cable.
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For example, in the case of a optic fiber it is a carefully designed by three multilayer desi-
gned to protect sensitive optic fiber and ensure its optimal performance under various envi-
ronmental conditions. The main components working in interaction include only two parts
(core and cladding). Please, see the following single-mode optic fiber:

8-10um

Cladding Coating

125um
250um

Taking into account that optic fiber consists of different kinds of materials, it is natural,
that the value of powers of nonlinearity, p(z), () take a different values (12) on each of layers
Qi i=1,...,5.

Thus, the core usually consists of ultrapure quartz (SiO2). To achieve the required hi-
gher refractive index relative to the shell, quartz is precisely doped with elements such as
germanium dioxide (GeO2) [11]. The ultra-purity of quartz glass is paramount to minimize
light absorption and scattering, thereby ensuring high transmission efficiency. The cladding
layer is usually made of pure quartz or fluorine-doped quartz, which effectively reduces its
refractive index compared to the germanium-doped core |1 1]. Acrylate polymers or polyimi-
des are used for buffer. These materials are chosen because of their adhesion to glass and
protective properties. Aramid threads (e.g. Kevlar, Twaron) are wide use materials for power
elements.The cable outer sheath is the most visible protective layer of the optical cable.
Its main role is to protect the internal components from environmental factors, mechanical
damage and fire dangers. The choice of sheath material is very application-dependent, balanci-
ng performance, cost and safety requirements, for instance: polyvinyl chloride, polyethylene,
polyurethane and others [12].

For (12) the result of Theorem 3 can be applied. So, we can estimate the pointwise
value of the solution u(zg) via nonlinear Wolff potential of the right-hand side f € L'(Q),
depending on the point xy € Q = Q; U Qs U Q35U Qy U Q5.

Conclusions. The paper discusses a mathematical model of multilayer optic fiber and
optic cable, which consists of 3 and 5 different materials respectively with different properties.
Using potential theory, the behavior of a weak solution of this equation at a fixed point
from the value of the nonlinear Wolff potential from the right side is analyzed. This result
complements the work of one of the author [1] in the case of variable powers p(z),¢(x) of
nonlinearity. Additionally, the paper discusses the application of the obtained results for the
problem of modeling and analyzing of optic fiber modern technologies.
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JekiTbKoX dacTu (das abo mpomrapkis): 6aratodasHux TBepAUX 1 PIAKHX MaTepiasiB; ONTH-
YHUX BOJIOKOH 1 ONTHYHEX KabesIiB, aHI30TPOIHUX CEPeIOBHII, TOIO. AKTYAJIbHICTE 0OpaHO-
o HalPAMKY OOYMOBJIEHA THM, 110 0araro HPOIECIB B HEOJHOPIJHUX CEPEJIOBUIIAX B yMO-
BaxX BUCOKHX TEMIIEPATYP, BEJMKUX HaBaHTaXKeHb 1 3HAYHUX jgedopMariiii onucyoTrbed 3a
JOIOMOTOI0 HeHIHIX audepeHIiafbHuX PIBHAHL 3 POSPUBHUME (CHHTYJISIDHUMH) JAHIAME
(koedinienTH, TpaBa CTOPOHA, TPAHWYHI Ta MOYATKOBI yMOBH TOMmO). [Ipn 1hOMY BHHHKAE
KOHIIEMIIiS CJIA0KUX PO3B SI3KiB, sKi BiINOBIIAIOTH Cyd4acHUM MOTpebaM MaTeMaTudHoi (hi3u-
ku. Hesiniitni qudepentiajbii piBHAHHS MAIOTh CKJIAJIHY CTPYKTYPY, IO (PaKTUIHO POOUTD
HEMOXKJIUBHM iX BHBYEHHS Ta aHAJI3 ILIAXOM IOIIYKY PO3B’SA3KY V dABHOMY BHIJdAAl. Tomy,
PO3pOOKa, caMe STKICHUX METOIB JOC/II2KeHHSI CTa€ HAA3BUYANHO BAaXKJIUBUM IHCTPYMEHTOM
JIIST IX TOJAJIBIIOTO BUBUYEHHS. B poOOTI pO3TIsSHYTO MaTeMaTHYHI MO OaraTomapoBoro
OIITUYHOI'0 BOJIOKHA Ta OITUYHOIO KabeJIto, sKi CKJIAJIAI0Thesd 3 3 Ta D PI3HUX MarepiasiiB Bij-
HOBIJIHO 3 PI3HUMH BJIACTUBOCTAMHU. BUKOPHUCTOBYIOUM TEOPIO HEJIHIHHUX ITOTEHIaJliB, OIli-
HIOETHCS Ta aHAJIBYETHCH TOBEJIHKA CJIAOKOTO PO3B’ 3Ky IbOI'0 PiBHAHHA B (DiKCOBaHI TOUII
yepe3 3HaYeHHd HesliHiinoro norenniaay Bosbda Bijf npaBol yacTunm piBHAHHS. BUBYAIOTHCA
MOTOYKOBI BJACTUBOCTI, IKi BUIITIPAIOTh KAIOYOBY POJIb Y HMOJAJBITIOMY JAOCTIIZKeHH] Ta BU-
BUCHHI TAKUX BJIACTHBOMCTEN PO3B’4A3KiB, K, HAIPUKJIA/I, PO3IIUPEHH 33 HO3UTUBHICTIO, He-
piBHICTH ['apHaKa, Ta in. B cTaTTi po3ragHyTO TaKOXK 3aCTOCYBAHHS OTPUMAHUX TEOPETHIHUX
Pe3YIbTATIB JIjIs0 BUPIMIEHHS MTPOoOJIeMU MOJAESTIOBAHHS Ta aHaIi3y CyYaCHUX ONTOBOJOKOHHHUX
TEXHOJIOTIil.

Knomwosi caosa: baratrodasui piBasHis, onToBosokoHH] Moges, (p(x), q(x)) piBusauns
Jlamnaca, norennian Bosbda, corabkuit po3B’si30K, OTOYKOBI OIIHKH.
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