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Àíîòàöiÿ. Ó öié ñòàòòi ïðîâîäèòüñÿ äîñëiäæåííÿ â àëãåáði êâàòåðíiîíiâ. Çîêðåìà,
ðîçãëÿäàþòüñÿ ôóíêöi¨ êâàòåðíiîííî¨ çìiííî¨. Ìè ïðîïîíó¹ìî iíøèé ïiäõiä äî ââåäåííÿ
ïîíÿòòÿ äèôåðåíöiéîâíî¨ ôóíêöi¨ f(q). Òàêîæ ìè ïîáóäóâàëè äåÿêi åëåìåíòàðíi ôóíêöi¨,
äèôåðåíöiéîâàíi â ðàìêàõ öüîãî ïiäõîäó.

Êëþ÷îâi ñëîâà: àëãåáðà êâàòåðíiîíiâ; äèôåðåíöiéîâíà ôóíêöiÿ; êâàòåðíiîííà çìiííà;
÷àñòèííà ïîõiäíà.

1.Âñòóï

Ïî÷àòîê XIX ñò. â ìàòåìàòèöi îçíàìåíóâàâñÿ òèì, ùî êîìïëåêñíi ÷èñëà ïîñiëè
âàæëèâå ìiñöå â íàóöi. ßê âèÿâèëîñü, çàñòîñóâàííÿ êîìïëåêñíèõ ÷èñåë äîçâîëÿ¹ çðó÷íî i
êîìïàêòíî ñôîðìóëþâàòè áàãàòî ìàòåìàòè÷íèõ ìîäåëåé, ùî åôåêòèâíî çàñòîñîâóþòüñÿ
â ìàòåìàòè÷íié ôiçèöi i ïðèðîäíè÷èõ íàóêàõ.

Ó 1843 ðîöi iðëàíäñüêèé ìàòåìàòèê Âiëüÿì Ãàìiëüòîí âiäêðèâ àëãåáðó êâàòåðíiî-
íiâ, ÿêà ñòàëà iñòîðè÷íî ïåðøîþ ãiïåðêîìïëåêñíîþ ñèñòåìîþ. Ç òîãî ÷àñó íàóêîâi äî-
ñëiäæåííÿ â àëãåáði êâàòåðíiîíiâ íå ïðèïèíÿþòüñÿ. Òðèâàþòü ïîáóäîâà êâàòåðíiîííîãî
àíàëiçó i ïîøóêè óñå íîâèõ çàñòîñóâàíü êâàòåðíiîíiâ.
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2.Ïîñòàíîâêà ïðîáëåìè

Ó ðîáîòàõ [1], [2] i [3] ïîáóäîâàíî àíàëiç â àëãåáði ñêií÷åííîãî ðàíãó çà äîïîìîãîþ
içîìîðôíî¨ ìàòðè÷íî¨ àëãåáðè. Òàêèì ñàìèì øëÿõîì ìè éøëè â äîñëiäæåííi àëãåáðè
êâàòåðíiîíiâ i ïîáóäîâi ôóíêöié êâàòåðíiîííî¨ çìiííî¨. Ó ïðàöi [4] îïèñàíî äâà ðiçíi ïiä-
õîäè äî îçíà÷åííÿ äèôåðåíöiéîâíîñòi ôóíêöié êâàòåðíiîííî¨ çìiííî¨. À â íàøié ðîáîòi
ïîáóäó¹ìî ùå îäíó âåðñiþ äèôåðåíöiéîâíèõ ôóíêöié êâàòåðíiîííî¨ çìiííî¨ i îçíà÷åíî
äåÿêi åëåìåíòàðíi ôóíêöi¨ êâàòåðíiîííî¨ çìiííî¨.

3.Îñíîâíi ðåçóëüòàòè

Íåõàé ìà¹ìî ôóíêöiþ êâàòåðíiîííî¨ çìiííî¨ f(q), âèçíà÷åíó â äåÿêié îáëàñòi G ⊂
Q.

Íàøà ìåòà � îçíà÷èòè ïîíÿòòÿ äèôåðåíöiéîâíî¨ ôóíêöi¨ êâàòåðíiîííî¨ çìiííî¨,
ïðè÷îìó ùîá áóëè äèôåðåíöiéîâíèìè ôóíêöi¨ âèäó qn i ùîá âèêîíóâàëîñü (qn)′ = nqn−1.

Çðîçóìiëî, ùî â îñíîâíîìó ìè áóäåìî îði¹íòóâàòèñü íà îçíà÷åííÿ äèôåðåíöiéîâ-
íîñòi ôóíêöi¨ êîìïëåêñíî¨ çìiííî¨.

Áóäåìî ãîâîðèòè, ùî ôóíêöiÿ f(q) ïîäà¹òüñÿ â êàíîíi÷íîìó âèãëÿäi, ÿêùî iñíó-
þòü äiéñíîçíà÷íi ôóíêöi¨ âiä 4-õ äiéñíèõ çìiííèõ f0(t, x, y, z), f1(t, x, y, z), f2(t, x, y, z),
f3(t, x, y, z) òàêi, ùî

f(q) = f0(t, x, y, z) + f1(t, x, y, z)i+ f2(t, x, y, z)j + f3(t, x, y, z)k. (1)

Áóäåìî ââàæàòè, ùî ôóíêöiÿ f(q) âiä ÷îòèðüîõ çìiííèõ t, x, y, z äèôåðåíöiéîâíà
(â ðîçóìiííi äiéñíîãî àíàëiçó), ÿêùî ¨¨ äèôåðåíöiàë ïîäà¹òüñÿ ó âèãëÿäi

df(q) =
∂f(q)

∂t
∂t+

∂f(q)

∂x
∂x+

∂f(q)

∂y
∂y +

∂f(q)

∂z
∂z. (2)

ßê ïðèêëàä, ðîçãëÿíåìî ôóíêöiþ f(q) = q3, âèçíà÷åíó íà Q.

q3 = (t+ xi+ yj + zk)3 =

= t3 + 3t(xi+ yj + zk) + 3t(xi+ yj + zk)2 + (xi+ yj + zk)3 =

= t3 − 3t(x2 + y2 + z2) + (3t2 − x2 − y2 − z2)(xi+ yj + zk).

Òóò

f0(t, z, y, z) = t3 − 3t(x2 + y2 + z2), f1(t, x, y, z) = (3t2 − x2 − y2 − z2)x,

f2(t, x, y, z) = (3t2 − x2 − y2 − z2)y, f3(t, x, y, z) = (3t2 − x2 − y2 − z2)z.

Îñêiëüêè ôóíêöi¨ f0, f1, f2, f3 ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi çà âñiìà çìiííèìè,
òî ôóíêöiÿ q3 äèôåðåíöiéîâíà â ðîçóìiííi äiéñíîãî àíàëiçó.

Íåõàé

∂q = ∂t + i∂x + j∂y + k∂z, ∂q = ∂t − i∂x − j∂y − k∂z.

Ïîäàìî ∂t, ∂x, ∂y, ∂z ÷åðåç ∂q i ∂q. Ìà¹ìî ∂t = 1
2
(∂q + ∂q),

i∂q = ∂ti− ∂x+ ∂yk − ∂zj, ∂qi = ∂ti− ∂x− ∂yk + ∂zj,

∂qi = ∂ti+ ∂x+ ∂yk − ∂zj, i∂q = ∂ti+ ∂x− ∂yk + ∂zj.
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Çâiäñè

∂x =
1

2
(∂qi− i∂q), ∂x =

1

2
(i∂q − ∂qi).

Àíàëîãi÷íî

∂y =
1

2
(∂qj − j∂q), ∂j =

1

2
(j∂q − ∂qj).

∂z =
1

2
(∂qk − k∂q), ∂z =

1

2
(k∂q − ∂qk).

Ñêîðèñòàâøèñü öèìè ïîäàííÿìè, (2) ïåðåïèøåìî ó âèãëÿäi

df(q) =
1

2

(
∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k

)
(∂q + ∂q)+

+
1

2

(
∂f0
∂x

+
∂f1
∂x

i+
∂f2
∂x

j +
∂f3
∂x

k

)
(i∂q − ∂qi)+

+
1

2

(
∂f0
∂y

+
∂f1
∂y

i+
∂f2
∂y

j +
∂f3
∂y

k

)
(j∂q − ∂qj)+

+
1

2

(
∂f0
∂z

+
∂f1
∂z

i+
∂f2
∂z

j +
∂f3
∂z

k

)
(k∂q − ∂qk) =

=
1

2

(
∂f0
∂t

− ∂f1
∂x

− ∂f2
∂y

− ∂f3
∂z

+

(
∂f1
∂t

+
∂f0
∂x

− ∂f3
∂y

+
∂f2
∂z

)
i+

+

(
∂f2
∂t

+
∂f3
∂x

+
∂f0
∂y

− ∂f1
∂z

)
j +

(
∂f3
∂t

− ∂f2
∂x

+
∂f1
∂y

+
∂f0
∂z

)
k

)
∂q+

+
1

2

(
∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k

)
∂q−

−
(
∂f0
∂x

+
∂f1
∂x

i+
∂f2
∂x

j +
∂f3
∂x

k

)
∂qi−

−
(
∂f0
∂y

+
∂f1
∂y

i+
∂f2
∂y

j +
∂f3
∂y

k

)
∂qj−

−
(
∂f0
∂z

+
∂f1
∂z

i+
∂f2
∂z

j +
∂f3
∂z

k

)
∂qk.

Çà àíàëîãi¹þ ç àíàëiçîì ôóíêöié êîìïëåêñíî¨ çìiííî¨ íàçâåìî ôóíêöiþ f(q) äèôå-
ðåíöiéîâíîþ, ÿêùî â df(q) âèðàç, ùî ñòî¨òü ïåðåä ∂q äîðiâíþ¹ íóëþ, òîáòî âèêîíóþòüñÿ
óìîâè 

∂f0
∂t

− ∂f1
∂x

− ∂f2
∂y

− ∂f3
∂z

= 0,
∂f1
∂t

+ ∂f0
∂x

− ∂f1
∂y

+ ∂f2
∂z

= 0,
∂f2
∂t

+ ∂f3
∂x

+ ∂f0
∂y

− ∂f1
∂z

= 0,
∂f3
∂t

− ∂f2
∂x

+ ∂f1
∂y

+ ∂f0
∂z

= 0.

(3)

188



Votiakova L., Nakonechna L. Di�erentiable functions of quaternion variable

Ñëiä çàçíà÷èòè, ùî óìîâè (3) äîñèòü æîðñòêi. �õ íå çàäîâîëüíÿ¹ íàâiòü ôóíêöiÿ
f(q) = q. Çàäîâîëüíÿþòü öi óìîâè ôóíêöi¨ âèäó

f(q) = f0(t, x) + f1(t, x)i, äå
∂f0
∂t

=
∂f1
∂x

,
∂f0
∂x

= −∂f1
∂t

,

f(q) = f0(t, y) + f2(t, y)j, äå
∂f0
∂t

=
∂f2
∂y

,
∂f0
∂y

= −∂f2
∂t

,

f(q) = f0(t, z) + f3(t, z)k, äå
∂f0
∂t

=
∂f3
∂z

,
∂f0
∂z

= −∂f3
∂t

.

Ðîçãëÿíåìî iíøèé ïiäõiä. Îñêiëüêè çà ôóíêöi¹þ

f(q) = f0(t, x, y, z) + f1(t, x, y, z)i+ f2(t, x, y, z)j + f3(t, x, y, z)k

ìîæíà ïîáóäóâàòè òðè ôóíêöi¨ òèïó ôóíêöié êîìïëåêñíî¨ çìiííî¨

h1(t, x) = f0(t, x, y, z) + f1(t, x, y, z)i, äå y, z − ïàðàìåòðè,

h2(t, y) = f0(t, x, y, z) + f2(t, x, y, z)j, äå x, z − ïàðàìåòðè,

h3(t, z) = f0(t, x, y, z) + f3(t, x, y, z)k, äå x, y − ïàðàìåòðè,

òî äëÿ äèôåðåíöiéîâíîñòi öèõ ôóíêöié äîñòàòíiìè ¹ óìîâè

∂f0
∂t

=
∂f1
∂x

,
∂f0
∂x

= −∂f1
∂t

,
∂f0
∂t

=
∂f2
∂y

,

∂f0
∂y

= −∂f2
∂t

,
∂f0
∂t

=
∂f3
∂z

,
∂f0
∂z

= −∂f3
∂t

.

Òîáòî óìîâè
∂f0
∂t

=
∂f1
∂x

=
∂f2
∂y

=
∂f3
∂z

, (4)

∂f0
∂x

= −∂f1
∂t

,
∂f0
∂y

= −∂f2
∂t

,
∂f0
∂z

= −∂f3
∂t

. (5)

ßêðàç òàêèé ïiäõiä ïðîïîíó¹òüñÿ â ðîáîòi [4], òîáòî ôóíêöiÿ f(q) äèôåðåíöiéîâíà,
ÿêùî âîíà çàäîâîëüíÿ¹ óìîâè (4), (5), ïðè÷îìó ïîõiäíà öi¹¨ ôóíêöi¨ îá÷èñëþ¹òüñÿ çà
ôîðìóëîþ

f ′(q) =
∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k.

Î÷åâèäíî, ùî äèôåðåíöiéîâíèìè çãiäíî óìîâ (4) ¹ ôóíêöi¨:

f(q) = q i q′ = 1, f(q) = q2 i
(
q2
)′
= 2q.

Îäíàê âæå ôóíêöiÿ

f(q) = q3 = (t+ xi+ yj + zk)3 =

= t3 − 3t
(
x2 + y2 + z2

)
+
(
3t2 − x2 − y2 − z2

)
(xi+ yj + zk) .

íå ¹ äèôåðåíöiéîâíîþ
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Òóò

f0(t, x, y, z) = t3 − 3t
(
x2 + y2 + z2

)
,

f1(t, x, y, z) =
(
3t2 − x2 − y2 − z2

)
x,

f2(t, x, y, z) =
(
3t2 − x2 − y2 − z2

)
y,

f3(t, x, y, z) =
(
3t2 − x2 − y2 − z2

)
z

i î÷åâèäíî, ùî äëÿ öèõ ôóíêöié óìîâè (4) íå âèêîíóþòüñÿ.
Ðàçîì ç òèì óìîâè (5) âèêîíóþòüñÿ

∂f0
∂x

= −6tx,
∂f0
∂y

= −6ty,
∂f0
∂z

= −6tz,

∂f1
∂t

= 6tx,
∂f2
∂t

= 6ty,
∂f3
∂t

= 6tz.

Ìè ïðîïîíó¹ìî îïóñòèòè óìîâó (4) i çàëèøèòè óìîâó (5), à ñàìå äèôåðåíöiéîâíiñòü
ôóíêöi¨ êâàòåðíiîííî¨ çìiííî¨ îçíà÷èòè òàê.

Îçíà÷åííÿ 1. Ôóíêöiÿ f(q) íàçèâà¹òüñÿ äèôåðåíöiéîâíîþ ó òî÷öi q0 = t0 + x0i +
y0j+ z0k, ÿêùî âîíà äèôåðåíöiéîâíà â ðîçóìiííi äiéñíîãî àíàëiçó i âèêîíóþòüñÿ óìîâè
(5), òîáòî ó öié òî÷öi

∂f0
∂x

= −∂f1
∂t

,
∂f0
∂y

= −∂f2
∂t

,
∂f0
∂z

= −∂f3
∂t

.

Ïðè÷îìó ÿêùî ôóíêöiÿ f(q) äèôåðåíöiéîâíà â òî÷öi, òî ¨¨ ïîõiäíîþ áóäåìî íàçè-
âàòè

f ′(q) =
∂f(q)

∂t
=

∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k. (6)

(Â ìàòåìàòèöi âèêîðèñòîâóþòü òåðìií ¾ñëàáøi óìîâè¿, òî òóò ìîæíà ãîâîðèòè ïðî
¾ñëàáøó äèôåðåíöiéîâíiñòü¿ ó ïîðiâíÿííi ç îçíà÷åííÿì, ïðèéíÿòèì â ðîáîòi [6].)

Òåîðåìà 1. ßêùî ôóíêöi¨ f(q) i g(q) äèôåðåíöiéîâíi ó ðîçóìiííi îçíà÷åííÿ 1, òî
¨õíÿ ñóìà ¹ äèôåðåíöiéîâíîþ ôóíêöi¹þ, ïðè÷îìó ∀α, ρ ∈ R âèêîíó¹òüñÿ

(α · f(q) + β · g(q))′ = α · f ′(q) + β · g′(q).
Äîâåäåííÿ. Íåõàé f(q) i g(q) äèôåðåíöiéîâíi çà îçíà÷åííÿì 1 i α, ρ ∈ R.

f(q) = f0(t, x, y, z) + f1(t, x, y, z)i+ f2(t, x, y, z)j + f3(t, x, y, z)k.

g(q) = g0(t, x, y, z) + g1(t, x, y, z)i+ g2(t, x, y, z)j + g3(t, x, y, z)k.

Ðîçãëÿíåìî ëiíiéíó êîìáiíàöiþ F (q) = α · f(q) + β · g(q). Óìîâè (5) âèêîíóþòüñÿ.
Çíàéäåìî ïîõiäíó öi¹¨ ôóíêöi¨ çà ôîðìóëîþ (6)

F ′(q) = (α · f(q) + β · g(q))′ =(
∂(αf0 + βg0

∂t
+

∂(αf1 + βg1
∂t

i+
∂(αf2 + βg2

∂t
j +

∂(αf3 + βg3
∂t

k

)
=

α

(
∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k

)
+ β

(
∂g0
∂t

+
∂g1
∂t

i+
∂g2
∂t

j +
∂g3
∂t

k

)
=

= α · f ′(q) + βg′(q).
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Ëåãêî ïîêàçàòè, (q3)′ = 3q2, (q4)
′
= 4q3.

Ïîêàæåìî, ùî ôóíêöiÿ f(q) = 1
q
, äå q � íåíóëüîâèé êâàòåðíiîí, äèôåðåíöiéîâíà.

Ïîäàìî 1
q
â êàíîíi÷íîìó âèãëÿäi.

1

q
=

q

qq
=

t− xi− yj = −zk

(t+ xi+ yj + zk)(t− xi− yj − zk)
.

qq = t2 − (xi+ yj + zk)2 = t2 − (xi+ yj + zk) (xi+ yj + zk) =

= t2 + x2 + y2 + z2 − (xyk − xzj − xyk + yzi+ xzj − yzi) = t2 + x2 + y2 + z2.

Ïîçíà÷èìî ∥q∥2 = qq = t2 + x2 + y2 + z2.
À òîìó 1

q
= t

∥q∥ −
x
∥q∥i−

y
∥q∥j −

z
∥q∥k.

Òîìó

f0(t, x, y, z) =
t

∥q∥
, f1(t, x, y, z) = − x

∥q∥
,

f2(t, x, y, z) = − y

∥q∥
, f3(t, x, y, z) = − z

∥q∥
.

∂f0
∂x

=
∂

∂x

t

t2 + x2 + y2 + z2
= − 2tx

∥q∥2
,
∂f0
∂y

= − 2ty

∥q∥2
,
∂f0
∂z

= − 2tz

∥q∥2
,

∂f1
∂t

=
∂

∂t

(
− x

∥q∥

)
=

2tx

∥q∥2
,
∂f2
∂t

=
2ty

∥q∥2
,
∂f3
∂t

=
2tz

∥q∥2
.

Îòæå, äëÿ öi¹¨ ôóíêöi¨ ∂f0
∂x

= −∂f1
∂t
, ∂f0

∂y
= −∂f2

∂t
, ∂f0

∂z
= −∂f3

∂t
, òîáòî âîíà äèôåðåíöi-

éîâíà. �¨ ïîõiäíà äîðiâíþ¹

f ′(q) =

(
1

q

)′

=

∂

∂t

(
t

∥q∥

)
+

∂

∂t

(
− x

∥q∥

)
i+

∂

∂t

(
− y

∥q∥

)
j +

∂

∂t

(
− z

∥q∥

)
k.

Ç òîãî ùî

∂f0
∂t

=
−t2 + x2 + y2 + z2

∥q∥2
,
∂f1
∂t

=
2tx

∥q∥2
,
∂f2
∂t

=
2ty

∥q∥2
,
∂f3
∂t

=
2tz

∥q∥2
.

âèïëèâà¹(
1

q

)′

=
1

∥q∥2
(
−t2 + x2 + y2 + z2 + 2txi+ 2tyj + 2tzk

)
=

= − 1

∥q∥2
(
t2 − x2 − y2 − z2 − 2txi− 2tyj − 2tzk

)
= − 1

∥q∥2
(q)2 .

À îñêiëüêè ∥q∥2 = (qq)2 = q2 (q)2, òî
(

1
q

)′
= − 1

q2
.

Ñòåïåíåâà ôóíêöiÿ qn
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Ñïî÷àòêó ðîçãëÿíåìî ôóíêöiþ f(q) = (xi+ yj + zk)n

Ìà¹ìî (xi+ yj + zk)2 = −(x2 + y2 + z2),
(xi+ yj + zk)3 = −(x2 + y2 + z2)(xi+ yj + zk),
(xi+ yj + zk)4 = (x2 + y2 + z2)2.
Òîäi äëÿ ïîêàçíèêiâ ñòåïåíÿ ìà¹ìî 4n, 4n+ 1, 4n+ 2, 4n+ 3 ìà¹ìî

(xi+ yj + zk)4n =
(
(xi+ yj + zk)2

)2n
=

(
x2 + y2 + z2

)2n
,

(xi+ yj + zk)4n+1 =
(
x2 + y2 + z2

)2n
(xi+ yj + zk), (7)

(xi+ yj + zk)4n+2 = −(x2 + y2 + z2)2n+1,
(xi+ yj + zk)4n+3 = −(x2 + y2 + z2)2n+1(xi+ yj + zk).
Ðîçãëÿíåìî òåïåð ôóíêöiþ q4n = (t+ xi+ yj + zk)4n.
Ñêîðèñòà¹ìîñü áiíîìîì Íüþòîíà i ðiâíîñòÿìè ((7)). Ïîäàìî ôóíêöiþ â êàíîíi÷íî-

ìó âèãëÿäi

q4n =
4n∑
k=0

Ck
4nt

4n−k(xi+ yj + zk)k = t4n − C2
4nt

4n−2(x2 + y2 + z2)+

+ C4
4nt

4n−4
(
x2 + y2 + z2

)2 − . . .+ C4n−4
4n t4

(
x2 + y2 + z2

)2n−2−

− C4n−2
4n t2

(
x2 + y2 + z2

)2n−1
+
(
x2 + y2 + z2

)2n
+

+
(
C1

4nt
4n−1 − C3

4nt
4n−3

(
x2 + y2 + z2

)
+ . . .+

+C4n−3
4n t3

(
x2 + y2 + z2

)2n−2 − C4n−1
4n

(
x2 + y2 + z2

)2n−1
)
·

· (xi+ yj + zk).

Òóò

f0(t, x, y, z) = t4n − C2
4nt

4n−2
(
x2 + y2 + z2

)
+ C+

+ 4n4t4n−4
(
x2 + y2 + z2

)2 − . . .++C + 4n4n−4t4
(
x2 + y2 + z2

)2n−2−

− C4n−2
4n t2

(
x2 + y2 + z2

)2n−1
+
(
x2 + y2 + z2

)2n
,

f1(t, x, y, z) = φ(t, x, y, z)x, f2(t, x, y, z) = φ(t, x, y, z)y,

f3(t, x, y, z) = φ(t, x, y, z)z, äå

φ(t, x, y, z) = C1
4nt

4n−1 − C3
4nt

4n−3
(
x2 + y2 + z2

)
+ . . .+

+ C4n−3
4n t3

(
x2 + y2 + z2

)2n−2 − C4n−1
4n t

(
x2 + y2 + z2

)2n−1
.
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Ïåðåâiðÿ¹ìî óìîâè äèôåðåíöiéîâíîñòi

∂f0
∂x

= −C2
4nt

4n−22x+ C4
4nt

4n−4
(
x2 + y2 + z2

)
4x− . . .+

+ C4n−4
4n t4 (2n− 2)

(
x2 + y2 + z2

)2n−3
2x−

− C4n−2
4n t2 (2n− 1)

(
x2 + y2 + z2

)2n−2
2x+ 2n

(
x2 + y2 + z2

)2n−1
2x =

= 4n
(
−C1

4n−1t
4n−2x+ C3

4n−1t
4n−4

(
x2 + y2 + z2

)
x− . . .+

+C4n−5
4n−1 t

4
(
x2 + y2 + z2

)2n−3
x−

−C4n−3
4n−1 t

2
(
x2 + y2 + z2

)2n−2
x+

(
x2 + y2 + z2

)2n−1
x
)
,

∂f1
∂t

= C1
4n(4n− 1)t4n−2x− C3

4n(4n− 3)t4n−4(x2 + y2 + z2)x+ . . .+

+ C4n−3
4n 3t2

(
x2 + y2 + z2

)2n−2
x− C4n−1

4n

(
x2 + y2 + z2

)2n−1
x =

= 4n
(
C1

4n−1t
4n−2x− C3

4n−1t
4n−4

(
x2 + y2 + z2

)
x+ . . .−

−C4n−5
4n−1 t

4
(
x2 + y2 + z2

)2n−3
x+

+C4n−14n− 3t2
(
x2 + y2 + z2

)2n−2
x−

(
x2 + y2 + z2

)2n−1
x
)
.

Îòæå, ∂f0
∂x

= −∂f1
∂t
. Àíàëîãi÷íî ∂f0

∂y
= −∂f2

∂t
, ∂f0

∂z
= −∂f3

∂t
.

Ôóíêöiÿ f(q) = q4n äèôåðåíöiéîâíà i ¨¨ ïîõiäíà äîðiâíþ¹

(
q4n

)′
=

∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k = 4nt4n−1−

− C2
4n(4n− 2)t4n−3

(
x2 + y2 + z2

)
+

+ C4
4n(4n− 4)t4n−5

(
x2 + y2 + z2

)2 − . . .+

+ C2
4n(4n− 4)t3

(
x2 + y2 + z2

)2n−2 − C2
4n(4n− 2)2t

(
x2 + y2 + z2

)2n−1
+

+ 4n

(
C1

4n−1t
4n−2 − C4

4n−1(4n− 2)t4n−4
(
x2 + y2 + z2

)
+

+ . . .− C4n−5
4n−1 t

4
(
x2 + y2 + z2

)2n−3
+ C4n−3

4n−1 t
2
(
x2 + y2 + z2

)2n−2−

−
(
x2 + y2 + z2

)2n−1
)
· (xi+ yj + zk) =

= 4n
(
t4n−1 + C1

4n−1t
4n−2(xi+ yj + zk)+

+C2
4n−1t

4n−3(xi+ yj + zk)2 + C3
4n−1t

4n−4(xi+ yj + zk)3 + . . .+

+ C4n−3
4n−1 t

2(xi+ yj + zk)4n−3 + C4n−2
4n−1 t(xi+ yj + zk)4n−2+

+(xi+ yj + zk)4n−1
)
= 4n(t+ xi+ yj + zk)4n−1 = 4nq4n−1
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Ïåðåâiðèìî öå äëÿ q4n+1f(q) = q4n+1(t+ xi+ yj + zk)4n+1.

q4n+1 =
4n+1∑
k=0

Ck
4n+1t

4n+1−k(xi+ yj + zk)k =

= t4n+1 + C1
4n+1t

4n(xi+ yj + zk) + C2
4n+1t

4n−1(xi+ yj + zk)2+

+ C3
4n+1t

4n−2(xi+ yj + zk)3 + C4
4n+1t

4n−3(xi+ yj + zk)4 + . . .+

+ C4n−4
4n+1 t

5(xi+ yj + zk)4n−4 + C4n−3
4n+1 t

4(xi+ yj + zk)4n−3+

+ C4n−2
4n+1 t

3(xi+ yj + zk)4n−2 + C4n−1
4n+1 t

2(xi+ yj + zk)4n−1+

+ C4n
4n+1t(xi+ yj + zk)4n + (xi+ yj + zk)4n+1 =

= t4n+1 + C1
4n+1t

4n(xi+ yj + zk)− C2
4n+1t

4n−1(x2 + y2 + z2)−
− C3

4n+1t
4n−2(x2 + y2 + z2)(xi+ yj + zk) + C4

4n+1t
4n−3(x2 + y2 + z2)2 + . . .+

+ C4n−4
4n+1 t

5(x2 + y2 + z2)2n−2 + C4n−3
4n+1 t

4(x2 + y2 + z2)2n−2(xi+ yj + zk)−
− C4n−2

4n+1 t
3(x2 + y2 + z2)2n−1 − C4n−1

4n+1 t
4(x2 + y2 + z2)2n−1(xi+ yj + zk)+

+ C4n
4n+1t(x

2 + y2 + z2)2n + (x2 + y2 + z2)2n(xi+ yj + zk) =

= t4n+1 − C2
4n+1t

4n−1(x2 + y2 + z2) + C4
4n+1t

4n−3(x2 + y2 + z2)2 + . . .+

+ C4n−4
4n+1 t

5(x2 + y2 + z2)2n−2 − C4n−2
4n+1 t

3(x2 + y2 + z2)2n−1+

+ C4n
4n+1t(x

2 + y2 + z2)2n+

+
(
C1

4n+1t
4n − C3

4n+1t
4n−2(x2 + y2 + z2) + . . .+

+C4n−3
4n+1 t

4(x2 + y2 + z2)2n−2 − C4n−1
4n+1 t

2(x2 + y2 + z2)2n−1+

+(x2 + y2 + z2)2n
)
(xi+ yj + zk).

Òóò

f0(t, x, y, z) = t4n+1 − C2
4n+1t

4n−1(x2 + y2 + z2)+

+ C4
4n+1t

4n−3(x2 + y2 + z2)2 + . . .+ C4n−4
4n+1 t

5(x2 + y2 + z2)2n−2−
− C4n−2

4n+1 t
3(x2 + y2 + z2)2n−1 + C4n

4n+1t(x
2 + y2 + z2)2n,

f1(t, x, y, z) =
(
C1

4n+1t
4n − C3

4n+1t
4n−2(x2 + y2 + z2) + . . .+

+C4n−3
4n+1 t

4(x2 + y2 + z2)2n−2 − C4n−1
4n+1 t

2(x2 + y2 + z2)2n−1+

+(x2 + y2 + z2)2n
)
· x,

f2(t, x, y, z) =
(
C1

4n+1t
4n − C3

4n+1t
4n−2(x2 + y2 + z2) + . . .+

+C4n−3
4n+1 t

4(x2 + y2 + z2)2n−2 − C4n−1
4n+1 t

2(x2 + y2 + z2)2n−1+

+(x2 + y2 + z2)2n
)
· y,

f3(t, x, y, z) =
(
C1

4n+1t
4n − C3

4n+1t
4n−2(x2 + y2 + z2) + . . .+

+C4n−3
4n+1 t

4(x2 + y2 + z2)2n−2 − C4n−1
4n+1 t

2(x2 + y2 + z2)2n−1+

+(x2 + y2 + z2)2n
)
· z.
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Çíàéäåìî íåîáõiäíi ïîõiäíi. Ìà¹ìî:

∂f0
∂x

= −C2
4n+1t

4n−12x+ C4
4n+1t

4n−3(x2 + y2 + z2)4x− . . .+

+ C4n−4
4n+1 t

5(x2 + y2 + z2)2n−3(4n− 4)x−
− C4n−2

4n+1 t
3(2n− 1)(x2 + y2 + z2)2n−22x+ C4n

4n+1t(x
2 + y2 + z2)2n−14nx =

= (4n+ 1)x
(
−4nt4n−1x+ C3

4nt
4n−3(x2 + y2 + z2)− . . .+

+C4n−3
4n t5(x2 + y2 + z2)2n−3 − C4n−1

4n t3(x2 + y2 + z2)2n−2+

+4nt(x2 + y2 + z2)2n−1
)
,

∂f1
∂t

= (4n+ 1)x
(
4nt4n−1x− C3

4nt
4n−3(x2 + y2 + z2) + . . .−

+C4n−3
4n t5(x2 + y2 + z2)2n−3 + C4n−1

4n t3(x2 + y2 + z2)2n−2−
−4nt(x2 + y2 + z2)2n−1

)
.

Ìà¹ìî ∂f0
∂x

= −∂f1
∂t
. Àíàëîãi÷íî ∂f0

∂y
= −∂f2

∂t
, ∂f0

∂z
= −∂f3

∂t
.

Îòæå, ôóíêöiÿ f(q) = q4n+1 äèôåðåíöiéîâíà i

f ′(q) =
∂

∂f
f(q) =

∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k =

= (4n+ 1)
(
t4n − C2

4nt
4n−2(x2 + y2 + z2)+

+ C4
4nt

4n−4(x2 + y2 + z2)2 − . . .+ C4n−4
4n t4(x2 + y2 + z2)2n−2−

− C4n−2
4n t2(x2 + y2 + z2)2n−1 + (x2 + y2 + z2)2n+

+ (4n+ 1)(C1
4nt

4n−1 − C3
4nt

4n−1(x2 + y2 + z2) + . . .−
− C4n−3

4n t5(x2 + y2 + z2)2n−3 + C4n−1
4n t3(x2 + y2 + z2)2n−2−

−C4n−1
4n t(xi+ yj + zk)2n

)
(xi+ yj + zk) = (4n+ 1)q4n(

q4n+1
)′
= (4n+ 1)q4n.

Àíàëîãi÷íî ïåðåêîíó¹ìîñÿ, ùî ôóíêöi¨ q4n+2 i q4n+3 äèôåðåíöiéîâíi i ¨õíi ïîõiäíi
äîðiâíþþòü (4n + 2)q4n+1 i (4n + 3)q4n+2 âiäïîâiäíî. À îòæå, äëÿ áóäü-ÿêîãî íàòó-
ðàëüíîãî n ôóíêöiÿ qn äèôåðåíöiéîâíà i (qn)′ = n · qn−1.

Âèñíîâêè

Ó ñâî¨é ðîáîòi ìè ïðîâîäèëè äîñëiäæåííÿ â àëãåáði êâàòåðíiîíiâ. Îñíîâíèìè ðå-
çóëüòàòàìè äàíî¨ ðîáîòè ¹ îçíà÷åííÿ äèôåðåíöiéîâíî¨ ôóíêöi¨ êâàòåðíiîííî¨ çìiííî¨
f(q) òà ¨¨ ïîõiäíî¨ â îñîáëèâèé ñïîñiá. À ñàìå:

ÿêùî

f(q) = f0(t, x, y, z) + f1(t, x, y, z)i+ f2(t, x, y, z)j + f3(t, x, y, z)k
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òî óìîâàìè ¨¨ äèôåðåíöiéîâíîñòi ¹ 

∂f0
∂x

= −∂f1
∂t

∂f0
∂y

= −∂f2
∂t

∂f0
∂z

= −∂f3
∂t

i ïîõiäíà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

f ′(q) =
∂f(q)

∂t
=

∂f0
∂t

+
∂f1
∂t

i+
∂f2
∂t

j +
∂f3
∂t

k.

Â ðîáîòi ìè ïîáóäóâàëè ôóíêöi¨ f(q) = qn i f(q) = 1
q
. Ïîêàçàëè ¨õ äèôåðåíöiéîâ-

íiñòü çà íàøèì îçíà÷åííÿì i ïåðåêîíàëèñü, ùî ¨õíi ïîõiäíi ¹ òàêèìè æ, ÿê äëÿ âiäïî-
âiäíèõ ôóíêöié äiéñíî¨ i êîìïëåêñíî¨ çìiííî¨, à ñàìå:

(qn)′ = n · qn−1,

(
1

q

)′

= − 1

q2
.

Ïåðñïåêòèâó ïîäàëüøèõ äîñëiäæåíü áà÷èìî ó ïîáóäîâi åëåìåíòàðíèõ ôóíêöié, äè-
ôåðåíöiéîâíèõ çà ââåäåíèì íàìè îçíà÷åííÿì.

Êîíôëiêò iíòåðåñiâ i åòèêà. Àâòîðè çàÿâëÿþòü, ùî íå ìàþòü êîíôëiêòiâ iíòå-
ðåñiâ. Àâòîðè òàêîæ çàÿâëÿþòü ïðî ïîâíå äîòðèìàííÿ âñiõ ïðàâèë åòèêè æóðíàëüíèõ
äîñëiäæåíü.

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.
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Di�erentiable functions of quaternion variable

Lesia Votiakova, Liudmila Nakonechna

Abstract. This paper conducts research in the algebra of quaternions. In particular,
functions of a quaternion variable are considered. We propose a di�erent approach to introduci-
ng the concept of a di�erentiable function. We have also constructed some elementary functi-
ons that are di�erentiable within this approach.

Keywords: quaternion algebra, di�erentiable function, quaternion variable, partial deri-
vative.
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