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Àíîòàöiÿ. Ñòàòòÿ ïðèñâÿ÷åíà äèñêðåòíèì ðiâíÿííÿì òèïó Êëåéíà��îðäîíà, ÿêi îïè-
ñóþòü íåñêií÷åííi ëàíöþãè íåëiíiéíèõ îñöèëÿòîðiâ ç íåëîêàëüíîþ âçà¹ìîäi¹þ. Öå îçíà-
÷à¹, ùî êîæåí îñöèëÿòîð âçà¹ìîäi¹ ç äåêiëüêîìà ñâî¨ìè ñóñiäàìè ç îáîõ îáîêiâ. Îñíîâíèé
ðåçóëüòàò ñòàòòi ñòîñó¹òüñÿ iñíóâàííÿ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â òàêèõ ðiâíÿííÿõ.
Äîñòàòíi óìîâè iñíóâàííÿ òàêèõ õâèëü âñòàíîâëåíî çà äîïîìîãîþ âàðiàöiéíîãî ìåòîäó
i òåîðåìè ïðî ãiðñüêèé ïåðåâàë.

Êëþ÷îâi ñëîâà: ïåðiîäè÷íi áiæó÷i õâèëi, ðiâíÿííÿ òèïó Êëåéíà��îðäîíà, íåëîêàëüíà
âçà¹ìîäiÿ, êðèòè÷íi òî÷êè, òåîðåìà ïðî ãiðñüêèé ïåðåâàë.

1. Âñòóï

Ó öié ñòàòòi áóäåìî âèâ÷àòè äèñêðåòíi ðiâíÿííÿ òèïó Êëåéíà��îðäîíà ç íåëîêàëü-
íîþ âçà¹ìîäi¹þ

q̈n(t)−
l∑

j=1

cj[qn+j(t) + qn−j(t)− 2qn(t)]− dqn(t) + f(qn(t)) = 0, n ∈ Z, (1)
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äå f(r) = V ′(r) � íåïåðåðâíà ôóíêöiÿ íà R, cj, d > 0, j = 1, 2, ..., l. Çàóâàæèìî, ùî
ðiâíÿííÿ (1) ¹ çëi÷åííîþ ñèñòåìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà îïèñóþòü
äèíàìiêó ëàíöþãà ëiíiéíî çâ'ÿçàíèõ íåëiíiéíèõ îñöèëÿòîðiâ ç íåëîêàëüíîþ âçà¹ìîäi¹þ
êîæíîãî n-ãî îñöèëÿòîðà ç l ñâî¨ìè íàéáëèæ÷èìè ñóñiäàìè ç êîæíîãî áîêó òà çîâíiøíiì
ïîòåíöiàëîì V . Òóò qn(t) ïîçíà÷à¹ óçàãàëüíåíó êîîðäèíàòó n-ãî îñöèëÿòîðà â ìîìåíò
÷àñó t.

Òàêi ñèñòåìè íàëåæàòü äî øèðîêîãî êëàñó òàê çâàíèõ äèñêðåòíèõ íåñêií÷åííîâè-
ìiðíèõ ãàìiëüòîíîâèõ ñèñòåì. �õ ïðèêëàäàìè òàêîæ ¹ ñèñòåìè òèïó Ôåðìi�Ïàñòè�Óëàìà
i äèñêðåòíi ðiâíÿííÿ òèïó ñèíóñ��îðäîíà. Ïîäiáíi ñèñòåìè ïðåäñòàâëÿþòü iíòåðåñ, â òî-
ìó ÷èñëi, ç îãëÿäó íà ¨õ ôiçè÷íi çàñòîñóâàííÿ (äèâ. [1, 9, 10, 13, 18]). Çîêðåìà, â îñòàííiõ
äâîõ ïðàöÿõ âèâ÷àëèñÿ äèñêðåòíi ðiâíÿííÿ òèïó Êëåéíà��îðäîíà.

Òàêîæ ¹ áàãàòî ïðàöü, â ÿêèõ òàêi ñèñòåìè âèâ÷àþòüñÿ ç ìàòåìàòè÷íî¨ òî÷êè çî-
ðó. Òàê â ñòàòòÿõ [2, 3, 4, 7, 12, 14, 21, 23, 24, 25] äîñëiäæóâàëîñÿ ïèòàííÿ iñíóâàííÿ
áiæó÷èõ õâèëü, çîêðåìà, ïåðiîäè÷íèõ, â ñèñòåìàõ ëiíiéíî i íåëiíiéíî çâ'ÿçàíèõ îñöèëÿ-
òîðiâ ç ëîêàëüíèì çâ'ÿçêîì íà îäíîâèìiðíié i äâîâèìiðíié  ðàòêàõ. Òóò ðîçãëÿäàëèñÿ
ìîäåëi, â ÿêèõ îñöèëÿòîðè çâ'ÿçàíi ç íàéáëèæ÷èìè ñâî¨ìè ñóñiäàìè. Óìîâè iñíóâàííÿ
ïåðiîäè÷íèõ áiæó÷èõ õâèëü â ñèñòåìàõ òèïó Ôåðìi-Ïàñòè-Óëàìà ç ëîêàëüíîþ i íåëî-
êàëüíîþ âçà¹ìîäi¹þ, ÿê íà îäíîâèìiðíié, òàê i íà äâîâèìiðíié  ðàòêàõ, âñòàíîâëåíî â
ïðàöÿõ [5, 6, 15, 16, 19, 26] òà ií. Â ñòàòòi [27] äîñëiäæåíî óìîâè iñíóâàííÿ ïåðiîäè÷íèõ
áiæó÷èõ õâèëü â äèñêðåòíèõ ðiâíÿííÿõ òèïó ñèíóñ��îðäîíà íà äâîâèìiðíié  ðàòöi. Äëÿ
íåïåðåðâíîãî ðiâíÿííÿ òèïó Êëåéíà��îðäîíà â [8] âèâ÷àëèñÿ áiæó÷i õâèëi, à â [11] � ñòî-
ÿ÷i õâèëi. Ïèòàííÿ iñíóâàííÿ îñòàííiõ äëÿ äèñêðåòíèõ ðiâíÿíü òèïó Êëåéíà�Ãîðäîíà ç
íàñè÷óâàíèìè íåëiíiéíîñòÿìè âèâ÷åíî â ñòàòòi [28], à çi ñòåïåíåâèìè íåëiíiéíîñòÿìè �
â [29].

2. Ïîñòàíîâêà çàäà÷i òà îñíîâíi ïðèïóùåííÿ

Íàñ öiêàâëÿòü ðîçâ'ÿçêè ñèñòåìè (1) ó âèãëÿäi áiæó÷èõ õâèëü:

qn(t) = u(n− ct), (2)

äå ôóíêöiþ u(s) íàçèâàþòü ïðîôiëüíîþ ôóíêöi¹þ àáî ïðîôiëåì õâèëi, ïðè öüîìó ñòàëà
c ̸= 0 ¹ øâèäêiñòþ õâèëi.

Òîäi, ïiäñòàâèâøè (2) â (1), îòðèìó¹ìî ðiâíÿííÿ

c2u′′(s)−
l∑

j=1

cj[u(s+ j) + u(s− j)− 2u(s))]− du(s) + V ′(u(s)) = 0, (3)

äå s = n− ct.
Áóäåìî âèâ÷àòè ïåðiîäè÷íi ðîçâ'ÿçêè ðiâíÿííÿ (3), ÿêi çàäîâîëüíÿþòü óìîâó

u(s+ 2k) = u(s), s ∈ R, (4)

äå k > 0 � äåÿêå ôiêñîâàíå ÷èñëî.
Ùîäî ïîòåíöiàëó V çðîáèìî òàêå ïðèïóùåííÿ:
(h) V ∈ C1(R;R), V (0) = V ′(0) = 0, V ′(r) = o(r) ïðè r → 0 òà iñíó¹ òàêå µ > 2,

ùî

0 < µV (r) ≤ V ′(r)r, r ̸= 0.
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Çàóâàæèìî, ùî çà âèêîíàííÿ óìîâè (h) iñíó¹ òàêà íåïåðåðâíà ìîíîòîííî çðîñòàþ÷à
ôóíêöiÿ ν(r), r ≥ 0 (äèâ. [22], Ëåìà 3.2), ùî

ν(0) = 0, lim
r→+∞

ν(r) = +∞

i
V ′(r)r ≤ ν(|r|)r2. (5)

Ðîçãëÿíåìî ìíîæèíó

Ω :=

{
c > 0 | min

ξ∈R
σ(ξ) ≥ 0

}
,

äå

σ(ξ) = c2ξ2 − 4
l∑

j=1

cj sin
2 jξ

2
+ d.

Ïðè d > 0 ìíîæèíà Ω íåïîðîæíÿ.
Ââåäåìî âåëè÷èíó

c0 := inf
c>0

Ω,

ÿêó áóäåìî íàçèâàòè øâèäêiñòþ çâóêó â äàíié ñèñòåìi.

3. Âàðiàöiéíå ôîðìóëþâàííÿ çàäà÷i

Ó ïåâíîìó ðîçóìiííi ðiâíÿííÿ (3) ¹ ðiâíÿííÿì Åéëåðà-Ëàãðàíæà äëÿ ôóíêöiîíàëó
äi¨

Jk(u) =

k∫
−k

{
c2

2
|u′(s)|2 −

l∑
j=1

cj
2
|u(s+ j)− u(s)|2 + d

2
|u(s)|2 − V (u(s))

}
ds, (6)

ÿêèé âèçíà÷åíèé íà ñîáîë¹âñüêîìó ïðîñòîði ïåðiîäè÷íèõ ôóíêöié

Ek := {u ∈ H1
loc(R) | u(s+ 2k) = u(s))}

ç íîðìîþ

∥u∥k =

 k∫
−k

[
|u(s)|2 + |u′(s)|2

]
ds


1
2

.

Áåçïîñåðåäíiì îá÷èñëåííÿì îäåðæóþòüñÿ òàêi òðè ëåìè (äèâ. [22], Ëåìè 4.2�4.4):

Ëåìà 1. Çà çðîáëåíèõ ïðèïóùåíü ôóíêöiîíàë Jk ¹ íåïåðåðâíî-äèôåðåíöiéîâíèì íà ïðî-
ñòîði Ek, à éîãî ïîõiäíà âèçíà÷à¹òüñÿ ôîðìóëîþ

J ′
k(u)h =

=

k∫
−k

{
c2u′(s)h′(s) +

l∑
j=1

cj[u(s+ j) + u(s− j)− 2u(s)]h(s) + du(s)h(s)− V ′(u(s))h(s)

}
ds,

äå u, h ∈ Ek.

Ëåìà 2. Çà çðîáëåíèõ ïðèïóùåíü êðèòè÷íi òî÷êè ôóíêöiîíàëó Jk ¹ ¹ ðîçâ'ÿçêàìè
ðiâíÿííÿ (3), ùî çàäîâîëüíÿþòü óìîâó (4).
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Çàïèøåìî ôóíêöiîíàë Jk ó âèãëÿäi

Jk(u) =
1

2
Ψk(u)− Sk(u),

äå

Ψk(u) =

k∫
−k

{
c2

2
|u′(s)|2 −

l∑
j=1

cj|u(s+ j)− u(s)|2 + d|u(s)|2
}
ds,

Sk(u) =

k∫
−k

V (u(s))ds.

Ëåìà 3. Íåõàé c > c0. Òîäi âèêîíóþòüñÿ íåðiâíîñòi

λ0∥u∥2k ≤ Ψk(u) ≤ λ1∥u∥2k, (7)

äå

λ0 = inf
ξ∈R

σ(ξ)

1 + ξ2
, λ1 = sup

ξ∈R

σ(ξ)

1 + ξ2
.

Ëåìà 4. Íåõàé âèêîíó¹òüñÿ óìîâà (h) i c > c0. Òîäi iñíóþòü òàêi äîäàòíi ñòàëi ε0 i
γ, íåçàëåæíi âiä k, ùî äëÿ íåíóëüîâèõ êðèòè÷íèõ òî÷îê ôóíêöiîíàëó Jk âèêîíóþòüñÿ
íåðiâíîñòi

ε0 ≤ ∥u∥2k ≤ γJk(u). (8)

Äîâåäåííÿ. Íåõàé u ∈ Ek � êðèòè÷íà òî÷êà ôóíêöiîíàëó Jk. Òîäi J ′
k(u) = 0 i çà

óìîâîþ (h) ìà¹ìî

Jk(u) = Jk(u)−
1

µ
J ′
k(u)u =

=

(
1

2
− 1

µ

) k∫
−k

{
c2|u′(s)|2 −

l∑
j=1

cj|u(s+ j)− u(s)|2 + d|u(s)|2
}
ds−

−
k∫

−k

{
V (u(s))− 1

µ
V ′(u(s))u(s)

}
ds ≥ µ− 2

2µ
Ψk(u).

Âðàõîâóþ÷è ëåìó 3, ìà¹ìî

Jk(u) ≥
µ− 2

2µ
λ0∥u∥2k.

Çâiäêè îòðèìó¹ìî ïðàâó íåðiâíiñòü.
Äîâåäåìî òåïåð ëiâó íåðiâíiñòü. Îñêiëüêè äëÿ êðèòè÷íî¨ òî÷êè u ∈ Ek : J

′
k(u)u = 0,

òî
k∫

−k

{
c2|u′(s)|2 −

l∑
j=1

cj|u(s+ j)− u(s)|2 + d|u(s)|2
}
ds =

k∫
−k

V ′(u(s))ds.

Òîäi, ÿê i âèùå,

λ0∥u∥2k ≤
k∫

−k

V ′(u(s))ds,
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i, âðàõîâóþ÷è íåðiâíiñòü (5), îäåðæó¹ìî, ùî

λ0∥u∥2k ≤ ν
(
∥u∥C([−k,k])

) k∫
−k

|u(s)|2ds.

Çà òåîðåìîþ âêëàäåííÿ, ∥u∥C([−k,k]) ≤ C∥u∥k çi ñòàëîþ C, íåçàëåæíîþ âiä k.
Òàêèì ÷èíîì, λ0∥u∥2k ≤ ν (C∥u∥k) ∥u∥2k. Îñêiëüêè u ̸= 0, òî ν (C∥u∥k) ≥ λ0, çâiäêè

îäåðæó¹ìî ëiâó íåðiâíiñòü ç ε
1
2
0 = C−1ν−1(λ0).

Ëåìó äîâåäåíî. □

Äëÿ äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó ñòàòòi çíàäîáèòüñÿ òåîðåìà ïðî ãiðñüêèé ïå-
ðåâàë, çà äîïîìîãîþ ÿêî¨ âñòàíîâèìî iñíóâàííÿ íåòðèâiàëüíèõ (íåíóëüîâèõ) êðèòè÷íèõ
òî÷îê ôóíêöiîíàëó Jk. Îñòàííi, çãiäíî ëåìè 2, i ¹ øóêàíèìè ïåðiîäè÷íèìè áiæó÷èìè
õâèëÿìè.

Íåõàé íà ãiëüáåðòîâîìó ïðîñòîði H çàäàíèé ôóíêöiîíàë I : H → R êëàñó C1.

Îçíà÷åííÿ 5. Êàæóòü, ùî ôóíêöiîíàë I çàäîâîëüíÿ¹ óìîâó Ïàëå�Ñìåéëà, ÿêùî âè-
êîíó¹òüñÿ òàêà óìîâà:

(PS) ÿêùî {un} ⊂ H òàêà ïîñëiäîâíiñòü, ùî {I(un)} îáìåæåíà òà I ′(un) → 0,
n → ∞, òî {un} ìiñòèòü çáiæíó ïiäïîñëiäîâíiñòü.

Çàóâàæèìî, ùî îñêiëüêè ç îáìåæåíî¨ ÷èñëîâî¨ ïîñëiäîâíîñòi ìîæíà âèäiëèòè çái-
æíó ïiäïîñëiäîâíiñòü, òî áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ââàæàòè, ùî ÷èñëîâà ïîñëi-
äîâíiñòü {I(un)} çáiãà¹òüñÿ.

Îçíà÷åííÿ 6. Ïîñëiäîâíiñòü {un} òî÷îê ãiëüáåðòîâîãî ïðîñòîðó H íàçèâà¹òüñÿ ïîñëi-
äîâíiñòþ Ïàëå-Ñìåéëà ôóíêöiîíàëó I íà äåÿêîìó ðiâíi b, ÿêùî I(un) → b òà I ′(un) → 0
ïðè n → ∞.

Îçíà÷åííÿ 7. Êàæóòü, ùî ôóíêöiîíàë I çàäîâîëüíÿ¹ ãåîìåòðiþ ãiðñüêîãî ïåðåâàëó,
ÿêùî iñíóþòü e ∈ H i r > 0 òàêi, ùî ∥e∥ > r i

β := inf
∥u∥=r

I(u) > I(0) ≥ I(e).

Íàâåäåìî òåîðåìó ïðî ãiðñüêèé ïåðåâàë (äèâ. [15, 17, 20]).

Òâåðäæåííÿ 8. (Òåîðåìà ïðî ãiðñüêèé ïåðåâàë). Íåõàé íà ãiëüáåðòîâîìó ïðîñòî-
ði H ç íîðìîþ ∥ · ∥ çàäàíèé ôóíêöiîíàë I : H → R êëàñó C1, ÿêèé çàäîâîëüíÿ¹ óìîâó
Ïàëå�Ñìåéëà òà ãåîìåòðiþ ãiðñüêîãî ïåðåâàëó. Òîäi iñíó¹ êðèòè÷íà òî÷êà u ∈ H ôóí-
êöiîíàëó I òàêà, ùî êðèòè÷íå çíà÷åííÿ

I(u) = b := inf
γ∈Γ

max
t∈[0,1]

I(γ(t)) ≥ β,

äå Γ := {γ ∈ C([0, 1], H) : γ(0) = 0, γ(1) = e}. Ïðè öüîìó

I(u) ≤ sup
τ≥0

I(τe).

4. Îñíîâíèé ðåçóëüòàò

Îñíîâíèì ðåçóëüòàòîì öi¹¨ ñòàòòi ¹ òåîðåìà:
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Òåîðåìà 9. Íåõàé âèêîíó¹òüñÿ óìîâà (h) i c > c0. Òîäi äëÿ áóäü-ÿêîãî k > 0 ðiâíÿ-
ííÿ (3) ìà¹ íåíóëüîâèé ðîçâ'ÿçîê u, ÿêèé çàäîâîëüíÿ¹ óìîâó (4). Êðiì òîãî, iñíóþòü
äîäàòíi ñòàëi ε0, ε, C i C0, íåçàëåæíi âiä k, òàêi, ùî âèêîíóþòüñÿ íåðiâíîñòi

ε0 ≤ ∥u∥2k ≤ C0, ε ≤ Jk(u) ≤ C. (9)

Áiëüøå òîãî, äëÿ äîñèòü âåëèêèõ çíà÷åíü k öåé ðîçâ'ÿçîê íå ¹ ñòàëèì.

Ïîêàæåìî, ùî äëÿ ôóíêöiîíàëó Jk âèêîíóþòüñÿ óìîâè òåîðåìè ïðî ãiðñüêèé ïå-
ðåâàë.

Ëåìà 10. Íåõàé âèêîíó¹òüñÿ óìîâà (h) i c > c0. Òîäi ôóíêöiîíàë Jk çàäîâîëüíÿ¹ óìîâó
Ïàëå�Ñìåéëà.

Äîâåäåííÿ. Ïîçíà÷èìî äëÿ ôóíêöiîíàëó Jk ïîñëiäîâíiñòü Ïàëå-Ñìåéëà íà äåÿêîìó
ðiâíi b ÷åðåç {un}. Ëåãêî áà÷èòè, ùî ∥J ′

k(un)∥k,∗ ≤ 1 i |Jk(un)| ≤ b + 1 äëÿ âñiõ äîñèòü
âåëèêèõ n, à îòæå, äëÿ òàêèõ n

b+ 1 +
1

µ
∥un∥k ≥ Jk(un)−

1

µ
J ′
k(un)un =

=

(
1

2
− 1

µ

) k∫
−k

{
c2|u′

n(s)|2 −
l∑

j=1

cj|un(s+ j)− un(s)|2 + d|un(s)|2
}
ds+

+

k∫
−k

{
1

µ
V ′(un(s))un(s)− V (un(s))

}
ds =

=

(
1

2
− 1

µ

)
Ψk(un) +

k∫
−k

{
1

µ
V ′(un(s))un(s)− V (un(s))

}
ds ≥

≥
(
1

2
− 1

µ

)
λ0∥un∥2k.

Ç îñòàííüî¨ íåðiâíîñòi ðîáèìî âèñíîâîê, ùî ïîñëiäîâíîñòi {un} ¹ îáìåæåíîþ. À îòæå,
ïåðåõîäÿ÷è äî ïiäïîñëiäîâíîñòi ç òèì ñàìèì ïîçíà÷åííÿì, un → u ñëàáêî â Ek. Â ñèëó
êîìïàêòíîñòi âêëàäåííÿ Ek ⊂ C([−k, k]), un → u ñèëüíî â C([−k, k]).

Òîäi äëÿ áóäü-ÿêèõ íàòóðàëüíèõ n i m ìà¹ìî

(J ′
k(un)− J ′

k(um))(un − um) =

= Ψk(un − um)−
k∫

−k

{V ′(un(s))− V ′(um(s))}ds.

Çâiäêè, â ñèëó íåðiâíîñòåé (8), îòðèìó¹ìî

(J ′
k(un)− J ′

k(um))(un − um) ≥ λ0∥un − um∥2k −
k∫

−k

{V ′(un(s))− V ′(um(s))}ds,
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òîáòî

λ0∥un − um∥2k ≤ (J ′
k(un)− J ′

k(um))(un − um) +

k∫
−k

{V ′(un(s))− V ′(um(s))}ds. (10)

Îñêiëüêè ïðè n,m → ∞, un − um → 0 ñëàáêî â Ek, à J ′
k(un) → 0 ñèëüíî â E∗

k , òî ïåðøèé
äîäàíîê â ïðàâié ÷àñòèíi íåðiâíîñòi (10) ïðÿìó¹ äî íóëÿ. Êðiì òîãî, un → u â C([−k, k]).
Òîäi ïiäiíòåãðàëüíèé âèðàç â ïðàâié ÷àñòèíi òi¹¨ æ íåðiâíîñòi ïðÿìó¹ äî íóëÿ ðiâíîìiðíî
íà [−k, k]. À îòæå, äðóãèé äîäàíîê â ïðàâié ÷àñòèíi òàêîæ ïðÿìó¹ äî íóëÿ. Çâiäñè ìà¹ìî,
ùî é ëiâà ÷àñòèíà íåðiâíîñòi (10) ïðÿìó¹ äî íóëÿ, òîáòî ∥un − um∥k → 0 ïðè n,m → ∞.
À öå îçíà÷à¹, ùî {un} � ôóíäàìåíòàëüíà ïîñëiäîâíiñòü â Ek i, îòæå, un → u ñèëüíî â
Ek.

Ëåìó äîâåäåíî. □

Ëåìà 11. Íåõàé âèêîíó¹òüñÿ óìîâà (h) i c > c0. Òîäi ôóíêöiîíàë Jk çàäîâîëüíÿ¹ ãåî-
ìåòðiþ ãiðñüêîãî ïåðåâàëó.

Äîâåäåííÿ. Ðîçiá'¹ìî äîâåäåííÿ ëåìè íà äâà êðîêè.
Êðîê 1. Ïîêàæåìî, ùî çà âèêîíàííÿ óìîâ ëåìè iñíóþòü òàêi äîäàòíi ñòàëi r0 i α0,

íåçàëåæíi âiä k, ùî
inf

∥u∥k=r0
Jk(u) > α0.

Ñïðàâäi, çà íåðiâíiñòþ (5), âðàõîâóþ÷è óìîâó (h), ìà¹ìî

V (r) ≤ µ−1ν(|r|)r2.
Òîäi

Jk(u) =
1

2
Ψk(u)−

k∫
−k

V (u(s))ds ≥

≥ λ0

2
∥u∥2k −

1

µ

k∫
−k

ν(|u(s)|)(u(s))2ds ≥ λ0

2
∥u∥2k −

1

µ
ν
(
∥u∥C([−k,k])

)
∥u∥2L2(−k,k) ≥

≥ λ0

2
∥u∥2k −

1

µ
ν
(
∥u∥C([−k,k])

)
∥u∥2k.

Ïðîòå çà òåîðåìîþ âêëàäåííÿ, ∥u∥C([−k,k]) ≤ C∥u∥k. Òîìó

Jk(u) ≥
(
λ0

2
− 1

µ
ν(C∥u∥k)

)
∥u∥2k.

Äàëi âèáèðà¹ìî r0 > 0 òàêèì, ùî 1
µ
ν(Cr0) =

λ0

4
. Òîäi, ÿêùî ∥u∥k = r0, òî

Jk(u) ≥
λ0r

2
0

4
,

ùî é äà¹ íåîáõiäíå.
Êðîê 2. Äëÿ äîâåäåííÿ ëåìè çàëèøà¹òüñÿ ïîêàçàòè, ùî çà âèêîíàííÿ ¨¨ óìîâ iñíó¹

åëåìåíò e ∈ Ek ç íîðìîþ ∥e∥k > r0 òàêèé, ùî Jk(e) ≤ 0.
Ñïðàâäi, íåõàé u ∈ Ek \ {0} òà r > 0. Ç óìîâè (h) âèïëèâà¹, ùî iñíóþòü òàêi ñòàëi

a > 0 òà a0 ≥ 0, ùî äëÿ âñiõ r
V (r) ≥ a|r|µ − a0.
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Òîäi

Jk(ru) =
1

2

k∫
−k

{
c2r2|u′(s)|2 −

l∑
j=1

cjr
2|u(s+ j)− u(s)|2 + dr2|u(s)|2

}
ds−

−
k∫

−k

V (ru(s))ds ≤

≤ r2

2

k∫
−k

{
c2|u′(s)|2 −

l∑
j=1

cj|u(s+ j)− u(s)|2 + d|u(s)|2
}
ds−

−arµ
k∫

−k

|u(s)|µ + 2ka0.

Âðàõîâóþ÷è, ùî µ > 2, Jk(ru) → −∞ ïðè r → +∞, à îòæå, iñíó¹ òàêå r0 = r0(u) > 0,
ùî Jk(ru) ≤ 0 äëÿ âñiõ r > r0.

Ëåìó äîâåäåíî. □

Äîâåäåííÿ òåîðåìè 9. Ç ëåì 10 òà 11, âèïëèâà¹, ùî äëÿ ôóíêöiîíàëó Jk âèêîíóþ-
òüñÿ âñi óìîâè òåîðåìè ïðî ãiðñüêèé ïåðåâàë, à îòæå, Jk ìà¹ íåíóëüîâó êðèòè÷íó òî÷êó
u ∈ Ek. Çà ëåìîþ 2 âîíà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3), ÿêèé çàäîâîëüíÿ¹ óìîâó(4).

Íèæíi îöiíêè (9) äëÿ ∥u∥k i Jk(u) âèïëèâàþòü ç íåðiâíîñòåé (8 ). Ç òåîðåìè ïðî
ãiðñüêèé ïåðåâàë ìà¹ìî, ùî Jk(u) ≤ sup

τ≥0
Jk(τe) = C, çâiäêè, âðàõîâóþ÷è çíîâó (8),

îòðèìó¹ìî âåðõíþ îöiíêó i äëÿ ∥u∥k.
I íà çàâåðøåííÿ ìåòîäîì âiä ñóïðîòèâíîãî äîâåäåìî, ùî öåé ðîçâ'ÿçîê íå ¹ ñòàëèì

äëÿ äîñèòü âåëèêèõ k. Äiéñíî, ïðèïóñòèìî, ùî u(s) = a > 0 ñòàëèé ðîçâ'ÿçîê ðiâíÿííÿ
(3) (äîâåäåííÿ ó âèïàäêó a < 0 àíàëîãi÷íå). Ïiäñòàâèâøè éîãî â ðiâíÿííÿ (3) îäåðæó¹ìî,
ùî da−V ′(a) ≡ 0. Çà óìîâîþ (h): V ′(r) = o(r) ïðè r → 0, à òîìó çíàéäåòüñÿ òàêå a0 > 0,
ùî dr− V ′(r) > 0 ïðè 0 < r < a0. Çàçíà÷èìî, ùî ç óìîâè (h) âèïëèâà¹, ùî V ′(r) → +∞
ïðè r → +∞, à îòæå, çãiäíî òåîðåìè ïðî ïðîìiæíå çíà÷åííÿ ñòàëèé ðîçâ'ÿçîê iñíó¹.
Îòæå, a ≥ a0. Òîäi ∥u∥k = (2k)

1
2 |a| ≥ (2k)

1
2 |a0| → +∞ ïðè k → +∞, à öå ñóïåðå÷èòü

âåðõíié îöiíöi äëÿ ∥u∥k â (9). Îäåðæàíà ñóïåðå÷íiñòü i äîâîäèòü íåîáõiäíå.
Òåîðåìó äîâåäåíî. □

Âèñíîâêè. Òàêèì ÷èíîì, â äàíié ñòàòòi âñòàíîâëåíî óìîâè iñíóâàííÿ íàäçâóêî-
âèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â äèñêðåòíèõ ðiâííÿííÿõ òèïó Êëåéíà��îðäîíà, ÿêi
îïèñóþòü íåñêií÷åííi ëàíöþãè ëiíiéíî çâ'ÿçàíèõ íåëiíiéíèõ îñöèëÿòîðiâ ç íåëîêàëüíîþ
¨õ âçà¹ìîäi¹þ. Ïåðñïåêòèâè ïîäàëüøèõ äîñëiäæåíü âáà÷à¹ìî ó âñòàíîâëåííi iñíóâàííÿ
äîçâóêîâèõ ïåðiîäè÷íèõ i íàäçâóêîâèõ âiäîêðåìëåíèõ áiæó÷èõ õâèëü â òàêèõ ðiâíÿííÿõ.

Êîíôëiêò iíòåðåñiâ i åòèêà. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü êîíôëiêòiâ ií-
òåðåñiâ i ïîâíå äîòðèìàííÿ âñiõ ïðàâèë åòèêè æóðíàëüíèõ ñòàòåé.

Ïîäÿêè. Àâòîðè çàÿâëÿþòü ïðî âiäñóòíiñòü ñïåöiàëüíîãî ôiíàíñóâàííÿ öi¹¨ ðîáî-
òè.
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Existence of supersonic periodic traveling waves in discrete
Klein�Gordon type equations with nonlocal interaction

Serhii Bak, Halyna Kovtoniuk

Abstract. The article is devoted to discrete Klein-Gordon type equations that descri-
be in�nite chains of nonlinear oscillators with nonlocal interactions. This implies that each
oscillator interacts with several of its neighbors on both sides. The main result of the article
concerns the existence of periodic traveling waves in such equations. Su�cient conditions for
the existence of such waves were established using the variational method and the mountain
pass theorem.

Keywords: periodic traveling waves, Klein-Gordon type equations, nonlocal interaction,
critical points, mountain pass theorem.
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