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Abstract. The Lagrangian and Hamiltonian approaches are key structural elements in
classical mechanics courses for undergraduate students and a powerful part of the physics
education culture.

The paper is created as a project for students aimed at applying the Lagrangian and
Hamiltonian formalism for the description of an illustrative three degrees of freedom system,
learning the peculiarities of these formalisms, identifying the conservation laws and finding
the integrals/constants of motion. Students can develop using these different independent
techniques and obtaining the coinciding results. In other words, this paper is an attempt
to present clear interrelations of these approaches training new skills, useful for students
learning classical mechanics.

Keywords: Lagrangian and Hamiltonian formalisms, Conservation laws, cyclic/ignorable
coordinates, Poisson bracket, Three Degrees of Freedom system.

1. Introduction

The Lagrangian and Hamiltonian approaches are completely equivalent and it is easy
to prove that each of them is indeed consistent with another. However, each formalism is
beautiful and convenient and is applied behind the frame of classical mechanics [1], 2], |3],
[4], [5], [6]- Each technique has its own “playground” or physical space: configuration space
(Lagrange mechanics) and phase space (Hamilton mechanics) and its “key players”: velocities
and positions, and momenta and positions, respectively.

One needs to predict the time evolution of three degrees of freedom system based on
application of the conservation laws; solving the Euler-Lagrange equations and Hamilton’s
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equations, write the equations of motion, find the integrals of motion for this system, visualize
the motion laws and the phase trajectory of the motion.

2. Lagrangian

Consider the illustrative Lagrangian of the three degrees of freedom system [7], [3]:

PR
L= 1
: )
with the initial conditions (ICs):
x(0)=1, #(0)=1, y(0)=0, y(0)=1, =2(0)=0, 2(0)=L1 (2)

A very important feature of the Lagrangian is that conserved quantities can easily be
read off from it.
The generalized momentum “canonically conjugate” to the coordinate x; is defined by

0L
P 9,
If the Lagrangian does not depend on some coordinate x;, then
. doL 0L _ 0
=4t o, ~ ox

i.e. the generalized momentum conjugate to a cyclic coordinate is a constant or a conserved
quantity.

This coordinate is known as “cyclic” or “ignorable”. The Lagrangian (1) has some cyclic
coordinates t,y, z, and it is easy to note them as coordinates that do not appear in the
Lagrangian in explicit form.

The Euler-Lagrange equations

d 8‘L B oL _ 3)

for Lagrangian (1) can be written as:

(2i i 2
=-S5+ 5 =0
T X X

Y — const = Cy, (4)
x
2 — const = C,
\ T
with the ICs (2). The integration constants C; and Cy are easily determined from (4):
2(0) 1 y(0) 1
Ci=—=+=-=1 Co="+=-=1 5
P01 T 2(0) 1 (5)

Now we can separately rewrite the first Euler-Lagrange equation (4) taking into account the
ICs (2):

2 . . 2 . . 2 .o . 2 2 .o . 2
LTy, 2 ioo=0, 2o g (6)
T 2 xx T 2 T 2
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Now we can solve this Euler-Lagrange equation by rewriting it as:

2 2i? i?

z 2 2

)4 (2) -

However, the generalized momentum p, for the Lagrangian (1) is equal to

Equation (7) can be written as:

oL 2x
e = AT = 9
Pe=%9: = % (9)
so we can deal with the differential equation (8) written as
dp, 1 ,
— + -p, = —1. 10

The separation of variables was used to solve the differential equation (10), yielding the
solution:

2cost
= (11)
1 +sint
Now we use the expression (11) and the definition of the generalized momentum (9) to find
the laws of motion.

Pz

§: 200§t . (12)
€T 1+sint

Integration of the differential equation (12) with ICs (2) leads to the following laws of motion.

z(t) = 1 +sint,
y(t) =t —cost + 1. (13)
2(t) =t —cost+ 1

The visualization of the results (13) is presented in Fig. 1. Point denotes the initial
position of x(0); red point denotes the initial position of y(0) and z(0).

Pictures illustrating trajectories y(z), z(z), and z(y) are presented in Fig. 2a, Fig. 26,
Fig. 2B. Point denotes the initial position x(0), y(0), (0), 2(0) and y(0), z(0).

Pictures illustrating trajectories p,(x), p,(y) and p,(z) are presented in Fig. 3a, Fig. 36,
and Fig. 3s. Point denotes the initial position x(0), p,(0), y(0), p,(0) and 2(0), p.(0).

3. Conservation Laws and Symmetries

Noether’s Theorem states: “For each symmetry of the Lagrangian, there is a conserved
quantity” [9]. Ignorable/cyclic variables for the Lagrangian (1) are ¢, y, and z.

Thus, the momenta of p, and p, are conserved when the Lagrangian is independent of

y and z. In other words, conservation of momenta p, and p, arises from spatial translation
invariance in the y and z directions. Thus:

oL z oL

y
t , = — =< = t 14
Py = e const, p: =57 = =cons (14)
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Puc. 1. The z(t),y(t), z(t) dependencies.
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Puc. 2. Trajectories y(z), z(z), and z(y).

are conserved quantities.
Conservation of energy arises when the Lagrangian is independent of time, that means

oL _
ot

We can write the law of conservation of energy by the definition:

0.

aL '2 . .
E = sz— =1 Tz const. (15)
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Puc. 3. Phase trajectories p,(x), p,(y), and p,(2).

Thus, we have three conservation laws (three integrals of motion): E, p,, p,. Their
values can be found at chosen ICs (2):

o . N2 L e
g GO +H00) 0
x x(0)
Then, based on the energy conservation law, one can find the laws of motion instead of
solving the Euler-Lagrange equations (4). The procedure consists in solving the first-order
differential equation with separated variables.
We use the law of conservation of energy (15), (16) and the second equation of (4) to
find &(t):

py:L pzzla E

T =+V2ur — 2% (17)

Taking into account the direction of motion, that is, knowing the value of the component
x of the initial velocity (#(0) = 1), one can write the first-order differential equation with
separated variables.

g— 18
B V2r — a2 (18)

The integration of the last equation (18) leads to t(z) dependency:

v dx * dx
t= —_— = = arcsin(x — 1), 19
/930 V2 — x? /1 V1= (z—1)2 ( ) (19)
which can be rewritten as:
x(t) =1+ sint. (20)

Then knowing x(t), one can solve the first-order differential equations (4) and find z(¢) and
y(®):
z y
—=1 = z(t)=t—cost+1, ==1 = y(t)=1t—cost+ 1. (21)
T T

Thus, applying the energy conservation law led us to the same results (see previous section).
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4. Hamiltonian Formalism

The “playground” in this case is defined as the six-dimensional phase space of posi-
tion and momentum components. Starting with the Lagrangian (1) one can calculate the
momentum components:

oL 2 L i oL g

r — A, — T, = 5. — z = A — 22
b ot x Py dy «x P 0z «x (22)

then invert these expressions to find the functions @(x,y, 2, ps, Py, 02), Y(Z, Y, 2, Ps, Pys P2),
2(2, Y, 2, Dz Dy, P») and now calculate the Hamiltonian H(x,y, 2, ps, py, p») for this illustrative
dynamical system by using the Legendre transformation:

. . . 1
H(x,Y, 2, Pa, Py P=) = &po + Py + 2p- = L = 205 + apyp-. (23)
Then we rewrite the energy in the same variables:

@
- x

E

1
= Zpix + xpyp, = H. (24)

The energy coincides with the Hamiltonian. So, this three degrees of freedom system is
conservative. Now we can prove that energy is an integral of motion, using the Poisson
bracket.

5. The Poisson Bracket as a Symmetry Identifier

In Hamiltonian mechanics, the Poisson bracket is an important binary operation, playi-
ng a central role in Hamilton’s equations of motion, which govern the time evolution of a
Hamiltonian dynamical system. The Poisson bracket is a very elegant and powerful tool in
Hamiltonian mechanics that acts as a tool for Symmetry Analysis. Using the definition of
Poisson bracket and anti-symmetry, linearity, the Leibniz rule, and the Jacobi identity, it
is easy to find the integrals of motion in the phase space. These constants of motion will
commute with the Hamiltonian under the Poisson bracket. Suppose some function f(p,q) is
a constant of motion. This implies that if p(t), q(¢) is a trajectory or solution to Hamilton’s
equations of motion, then along that trajectory:

df
— =0. 25
o (25)
In particular, it is easy to prove that:
{E,H} =0,  {p,H} =0,  {p:, H} =0. (26)

Thus, E, p, and p, are integrals of motion.
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6. Hamilton Canonical Equations of Motion

Hamilton canonical equations of motion describe the time evolution of the canonical
variables (¢(t),p(t)) in the phase space. By definition, these equations can be written as:

s oOH
Pz =~y
. 8H
z Opz
. oOH
Py = =%,
Y
gy =28 (27)
apyaH
b= —5;
. OH
\Z sz :

Using equations (27) we find equations for the Hamiltonian (23):

. ,
Pz = _%_I; = _%pi — PyP- = —%pg - 17

L OH _ 1
':E_apx_gpxxa

Dy =—%5 =0 = p,=const =1,
(28)

- _ OH __ _
y—@—xpz—l’,

pz:—%—lj:() = p, =const =1,

. OH _ _
(2= 5. =Ty =T

Solutions of the system of equations (28) can be written in the form of (11), (16) and
(13). So, the obtained results indicate that the generalized momenta p,, p,, and the energy
E are integrals of motion, and obviously, their values coincide with previous results.

Conclusions. The main idea of this paper is solving the problem in the frame of
different approaches. We started from Lagrangian, wrote FEuler-Lagrange equations, identi-
fied integrals of motion, used the Legendre transformation, wrote Hamiltonian and Hami-
Iton equations. We can easily transform the project direction and start from Hamiltonian.
Sophomores of Faculty of Natural Sciences of National University "Kyiv-Mohyla Academy”
participated in this project. My observation is that fulfillment of the project is more effective
than solution of typical problems. Lessons of this project teach that each approach is useful,
beautiful and effective at solving complex problems of classical mechanics. Moreover, this
way students develop their mathematical skills and learn to apply different software tools in
solving mathematical problems, in visualization of obtaining results and interpreting them.
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Cucrema 3 TpbOMa CTYyMEeHAMU BiJIBHOCTI B paMKax Jlarpau>keBoro
ta ['aM1JIbTOHOBOIO ITiIXO/I1B

Oxkcana llleBuoBa

Anomauis. Popmanizmu Jlarpamka ta [aMiibToHA € CTPYKTYpPHUMHI €JIEMEHTaMU KYp-
CiB KJIACHYHOI MeXaHiKM /i OaKaJaBpiB i 4acTHHOIO (DI3UUHOI OCBITHBOI KYJIBTYPH.

Crarrs cTBOpena y (opMaTi mpoekTy i cTydeHTiB. 1i MeToio € 3acTocyBamHs Jla-
rpaHkeBoro Ta ['aMijibToHOBOIO (hOpMaJIi3MIB JIJIst OLUCY LJIFOCTPATUBHOI CUCTEMU 3 TPbOMa
CTYIEHSIMU BLIHLHOCTI, BUBUYECHHSA OCOOJUBOCTEH X (POpMAaJIi3MiB, BMIHHS TO0QYUTH 3aKOHU
36eperkerHs 1 3HalTH iHTerpasm pyxy. Crymsentam Oy/e IMiKaBO OTPUMATH CHIBIAIAI0T pe-
3yJIbTATU B paMKax pizuux mijgxojis. /lanma crarta € cupoboio mpejcTaBUTH B3aEMO3B’ 30K
ux (opMmasizMiB Jijid PO3BUTKY V CTY/ACHTIB HOBHX KOPUCHUX HABUYOK y BUBYEHHI KypCy
KJIACUIHOI MeXaHIKH.

Karwosi crosa: Dopmanizmu Jlarpanzxka ta ['amisibrona, 3aKkonn 30epeKeHHs, UK 9Hi
KOOpAWHATH, ayzKka [lyaccona, cuctema 3 TphboOMa CTYNEHIMH BLIBHOCTI.
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