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Abstract. The article deals with the discrete Klein-Gordon type equations that descri-
be in�nite chains of linearly coupled nonlinear oscillators with nonlocal interactions. It is
assumed that each oscillator interacts with several of its neighbors on both sides. The main
result concerns the existence of subsonic periodic traveling wave solutions in such equations.
Su�cient conditions for the existence of such waves are established using the variational
method and the linking theorem.
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1. Introduction

In this paper, we consider the discrete Klein-Gordon type equations

q̈n(t)−
l∑

j=1

cj[qn+j(t) + qn−j(t)− 2qn(t)]− dqn(t) + f(qn(t)) = 0, n ∈ Z, (1)

where qn(t) is a generalized coordinate of the n-th oscillator at time t, cj, d > 0, j = 1, 2, ..., l,
f(r) = V ′(r) ∈ C(R;R) and V (r) is the on-site potential. Eq. (1) describes an in�nite chains
of linearly coupled nonlinear oscillators with nonlocal interaction, i.e., each oscillator interacts
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with l neighbors on both sides. In the case l = 1 we obtain the discrete Klein-Gordon type
equations with local interaction. Equations (1) form an in�nite system of ordinary di�erential
equations. We note that these systems are representative of a wide class of systems called
lattice dynamical systems, which extensively studied in recent decades. Such systems are of
interest in view of applications in physics [1, 18, 19, 22, 24, 29].

Besides, there are many works in which such systems are studied from a mathemati-
cal point of view. In particular, the existence of traveling waves, including periodic ones,
in systems of linearly and nonlinearly coupled oscillators with local interactions on one-
dimensional and two-dimensional lattices has been studied in the articles [3, 5, 6, 7, 8, 11,
16, 23, 25]. These models consider oscillators coupled with their nearest neighbors. Simi-
lar in structure and origin to discrete Klein-Gordon type equations are Fermi-Pasta-Ulam
type systems. The conditions for the existence of periodic traveling waves in Fermi-Pasta-
Ulam type systems with both local and nonlocal interactions on one-dimensional and two-
dimensional lattices are established in the works [4, 12, 15, 26, 27, 30], among others. For the
continuous Klein-Gordon equation, traveling waves were studied in [17], and standing waves
in [21]. The existence of such waves for discrete Klein-Gordon type equations with saturable
nonlinearities are studied in [10], and with power-type nonlinearities in [9]. Su�cient condi-
tions for the existence of supersonic periodic traveling waves in Eq. (1) are established in
[13].

2. Statement of problem and main assumptions

We are interested in solutions of the system (1) in the form of traveling waves:

qn(t) = u(n− ct), (2)

where the function u(s) is called the pro�le function or simply pro�le of the wave, while the
constant c ̸= 0 is the speed of the wave.

Then, substituting (2) into (1), we obtain the equation

c2u′′(s)−
l∑

j=1

cj[u(s+ j) + u(s− j)− 2u(s))]− du(s) + V ′(u(s)) = 0, (3)

where s = n− ct.
In what follows, a solution of Eq. (3) is understood as a function u(s) from the space

C2(R;R) satisfying Eq. (3) for all s ∈ R.
We consider the case of periodic traveling waves. The pro�le function of such wave

satis�es the following periodicity condition

u(s+ 2k) = u(s), s ∈ R, (4)

where k > 0 is a real number.
For the potential V , we make the following assumption:
(h) V ∈ C1(R;R), V (0) = V ′(0) = 0, V ′(r) = o(r) as r → 0 and there exists µ > 2

such that

0 < µV (r) ≤ V ′(r)r, r ̸= 0.

We note that under condition (h) there exist constants d1 > 0, d2 ≥ 0 (see [2], Lemma
3.1) such that

V (r) ≥ d1|r|µ − d2, µ > 2. (5)
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Consider the set

Ω :=

{
c > 0 | min

ξ∈R
σ(ξ) ≥ 0

}
,

where

σ(ξ) = c2ξ2 − 4
l∑

j=1

cj sin
2 jξ

2
+ d.

If d > 0 then Ω is non-empty.
An important role is played by quantity c0 called the speed of sound in this system (see

[27]) and de�ned by the equation
c0 := inf

c>0
Ω.

The su�cient conditions for the existence of periodic traveling waves with the speed c > c0
(i.e. the case of supersonic periodic traveling waves) were obtained in [13]. This was done
using the critical point method and the mountain pass theorem. While in the present paper
we study the case of subsonic periodic traveling waves (i.e. 0 < c ≤ c0) with the aid of the
linking theorem instead of the mountain pass theorem.

3. Variational setting

In a certain sense, Eq. (3) is the Euler-Lagrange equation for the action functional

Jk(u) =

k∫
−k

{
c2

2
|u′(s)|2 −

l∑
j=1

cj
2
|u(s+ j)− u(s)|2 + d

2
|u(s)|2 − V (u(s))

}
ds, (6)

de�ned on the Sobolev space of periodic functions

Ek := {u ∈ H1
loc(R) | u(s+ 2k) = u(s))}

with the norm

∥u∥k =

 k∫
−k

[
|u(s)|2 + |u′(s)|2

]
ds


1
2

.

For simplicity denote

(Aju)(s) := u(s+ j)− u(s), j = 1, 2, ..., l.

These di�erence operators are bounded (see [2, 25]) and for every u ∈ Ek

∥Aju∥L2(−k,k) ≤ j∥u′∥L2(−k,k), ∥Aju∥L∞(−k,k) ≤ l0(k)∥u′∥L2(−k,k),

with

l0(k) =

{
j
√[

1
2k

]
+ 1, 0 < 2k < 1,

j, 2k ≥ 1,

where
[

1
2k

]
denotes the integer part of 1

2k
.

The following lemma can be obtained by a straightforward calculation (see [2], Lemmas
4.2, 4.3):
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Lemma 1. Under assumption (h) the functional J is C1 on Ek and

J ′
k(u)h =

=

k∫
−k

{
c2u′(s)h′(s) +

l∑
j=1

cj[u(s+ j) + u(s− j)− 2u(s)]h(s) + du(s)h(s)− V ′(u(s))h(s)

}
ds

for u, h ∈ Ek.
Moreover, any critical point of the functional Jk is a solution of Eq. (3) satisfying (4).

Thus, to establish the existence of solutions to Eq. (3) satisfying (4), it is su�ce to
prove the existence of nontrivial critical points of the functional Jk. This requires the linking
theorem.

Let I : H → R be a C1-functional on a Hilbert space H with the norm ∥ · ∥.
We say that I satis�es the Palais-Smale condition, if the following condition is satis�ed:

(PS): Let {un} ⊂ H be a such sequence that {I(un)} is bounded and I ′(un) → 0,
n → ∞. Then {un} contains a convergent subsequence.

Note that, since a bounded sequence has a convergent subsequence, we can assume
without loss of generality that the sequence {I(un)} converges.

De�nition 2. A sequence {un} of points in a Hilbert space H is called a Palais-Smale
sequence for a functional I at some level b if I(un) → b and I ′(un) → 0 as n → ∞.

Let H = Y ⊕ Z, ρ > r > 0 and z ∈ Z such that ∥z∥ = r. De�ne

M := {u = y + λz : y ∈ Y, ∥u∥ ≤ ρ, λ ≥ 0}

and

M0 := {u = y + λz : y ∈ Y, ∥u∥ = ρ i λ ≥ 0, �a�a�� ∥u∥ ≤ ρ, λ = 0},

i.e. M0 is the boundary of M . Let

N := {u ∈ Z : ∥u∥ = r}.

We suppose that

β := inf
u∈N

I(u) > α := sup
u∈M0

I(u).

In this situation we say that I possesses the linking geometry.

Theorem 3 (linking theorem, [28, 31]). Suppose that a C1-functional I : H → R satis�es
the Palais-Smale condition and possesses the linking geometry. Then there exists a critical
point u ∈ H of the functional I with the corresponding critical value

b = inf
γ∈Γ

max
u∈M

I(γ(u)),

where Γ := {γ ∈ C(M,H) : γ|M0 = id}. Furthermore,

β ≤ b ≤ sup
u∈M

I(u).
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4. Main result

The main result of this paper is the following theorem that establishes the existence of
subsonic periodic waves.

Theorem 4. Assume (h) and d > 0. Then for every k > 0 and c ∈ (0, c0] Eq. (3) has a
nontrivial solution satisfying (4).

Let's show that the conditions of the linking theorem are satis�ed for the functional Jk.

Lemma 5. Under the assumptions of Theorem 4 the functional Jk satis�es the Palais-Smale
condition.

Proof. Step 1. Let {un} ⊂ Ek be a Palais-Smale sequence at some level b, i.e. I(un) → b
and I ′(un) → 0 as n → ∞. Choose β ∈ (µ−1, 2−1). It is easy to see that ∥J ′

k(un)∥k,∗ ≤ 1 and
|Jk(un)| ≤ b+ 1 for n large enough. Then for such n we have

b+ 1 + β∥un∥k ≥ Jk(un)− βJ ′
k(un)un =

=

(
1

2
− β

) k∫
−k

{
c2|u′

n(s)|2 −
l∑

j=1

cj|(Ajun)(s)|2 + d|un(s)|2
}
ds+

+

k∫
−k

{βV ′(un(s))un(s)− V (un(s))} ds.

We can assume without loss of generality that all cj have a �xed sign.
If cj ≤ 0, j = 1, 2, ..., l, then

Jk(un)− βJ ′
k(un)un ≥

≥
(
1

2
− β

) k∫
−k

{
c2|u′

n(s)|2 + d|un(s)|2
}
ds ≥

(
1

2
− β

)
α0∥un∥2k,

where α0 = min{c2; d}. Hence,

b+ 1 + β∥un∥k ≥
(
1

2
− β

)
α0∥un∥2k,

and this implies that {un} is bounded in Ek.
If cj > 0, j = 1, 2, ..., l, then, given (h) and (5), we have

Jk(un)− βJ ′
k(un)un =

=

(
1

2
− β

)(
c2∥u′

n∥2L2(−k,k) −
l∑

j=1

cj∥Ajun∥2L2(−k,k) + d∥un∥2L(−k,k)

)
+

+

k∫
−k

{βV ′(un(s))un(s)− V (un(s))} ds ≥

≥
(
1

2
− β

)(
c2∥u′

n∥2L2(−k,k) −
l∑

j=1

cj∥Ajun∥2L2(−k,k) + d∥un∥2L(−k,k)

)
+
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+

k∫
−k

{βµV (un(s))− V (un(s))} ds ≥

=

(
1

2
− β

)(
c2∥u′

n∥2L2(−k,k) −
l∑

j=1

cj∥Ajun∥2L2(−k,k) + d∥un∥2L(−k,k)

)
+

+(βµ− 1)

k∫
−k

V (un(s))ds ≥

≥
(
1

2
− β

)(
c2∥u′

n∥2L2(−k,k) −
l∑

j=1

cj∥Ajun∥2L2(−k,k) + d∥un∥2L(−k,k)

)
+

+C1∥un∥µLµ(−k,k) − C2,

where C1 > 0 and C2 > 0. Since µ > 2,

∥Ajun∥2L2(−k,k) ≤ 4∥un∥2L2(−k,k) ≤ C∥un∥2Lµ(−k,k) ≤ K(ε) + ε∥un∥µLµ(−k,k),

where K(ε) → ∞ as ε → 0. Then

b+ 1 + β∥un∥k ≥
(
1

2
− β

)
c2∥u′

n∥2L2(−k,k) +

(
1

2
− β

)
d∥un∥2L2(−k,k)−

−ε

(
1

2
− β

) l∑
j=1

cj∥un∥µLµ(−k,k) −
(
1

2
− β

) l∑
j=1

cjK(ε)+

+C1∥un∥µLµ(−k,k) − C2 =

=

(
1

2
− β

)
α0∥un∥2k−

−ε

(
1

2
− β

) l∑
j=1

cj∥un∥µLµ(−k,k) −
(
1

2
− β

) l∑
j=1

cjK(ε)+

+C1∥un∥µLµ(−k,k) − C2.

Choosing ε small enough, we obtain

b+ 1 + β∥un∥k ≥
(
1

2
− β

)
α0∥un∥2k − C0.

The last inequality implies that un is bounded.
Step 2. Since {un} is bounded in Hilbert space Ek then, up to a subsequence (with

the same denotation), un → u weakly in Ek, hence, Ajun → Aju (j = 1, 2, ..., l) weakly in
Ek, and strongly in L2(−k, k) and C([−k, k]) (by the compactness of Sobolev embedding).
A straightforward calculation shows that

c2∥un − u∥2k =
k∫

−k

[
c2(u′

n(s)− u′(s))2 + c2(un(s)− u(s))2
]
ds =
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= (J ′
k(un)− J ′

k(u))(un − u) +
l∑

j=1

cj∥Ajun − Aju∥2L2(−k,k)−

−d∥un − u∥2L2(−k,k) +

k∫
−k

[V ′(un(s))− V ′(u(s))] (un(s)− u(s))ds.

Obviously that all the terms on the right hand part converge to 0 (�rst and last by weak
convergence, second and third terms converge to 0 by strong convergence). Thus, ∥un−u∥k →
0 as n → ∞, and proof is complete. □

Lemma 6. Under the assumptions of Theorem 4 the functional Jk possesses the linking
geometry.

Proof. Consider the operator L de�ned by

(Lu)(s) := −c2u′′(s) +
l∑

j=1

cj[u(s+ j) + u(s− j)− 2u(s)] + du(s).

Elementary Fourier analysis shows that L is a self-adjoint operator in L2(−k; k), bounded
below and that L has discrete spectrum which accumulated at +∞, i.e., there is a �nite
number of eigenvalues below zero. We note that all eigenvalues with nonconstant eigenfuncti-
ons are double. Let Z be the subspace of Ek formed by eigenfunctions with positive ei-
genvalues, and let Y be the subspace of Ek formed by eigenfunctions with non-positive
eigenvalues. It is easy to verify that Y ⊥ Z and Ek = Y ⊕ Z.

Step 1. We write the functional Jk in the form

Jk(u) =
1

2
Ψk(u)−

k∫
−k

V (u(s))ds,

where

Ψk(u) =

k∫
−k

[
c2|u′(s)|2 −

l∑
j=1

cj|u(s+ j)− u(s)|2 + d|u(s)|2
]
ds.

It is obvious that
Ψk(y + z) = Ψk(y) + Ψk(z),

where y ∈ Y, z ∈ Z, and the quadratic form Ψk is positive on Z, i.e.,

Ψk(u) ≥ α∥u∥2k, u ∈ Z,

where α > 0. Assumption (h) implies that, given ε > 0, there exists r0 > 0 such that

|V (r)| ≤ εr2,

if |r| ≤ r0. Then

Jk(u) ≥ Ψk(u)− ε

k∫
−k

|u|2ds ≥ Ψk(u)− ε∥u∥2k ≥ β∥u∥2k,

where β > 0. Therefore,
Jk(u) > 0
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on N = {u ∈ Z : ∥u∥k = r} provided that r > 0 is small enough.
Step 2. Now we �x z ∈ Z, ∥z∥k = 1 and set

M = {u = y + λz : y ∈ Y, ∥u∥k ≤ ρ, λ ≥ 0}.
We prove that Jk(u) ≤ 0 on M0 = ∂M provided that ρ is large enough. Recall that

M0 = {u = y + λz : y ∈ Y, ∥u∥k = ρ and λ ≥ 0, or ∥u∥k ≤ ρ and λ = 0}.
Then

Jk(y + λz) = Ψk(y) + λ2Ψk(z)−
k∫

−k

V (y(s) + λz(s))ds.

Since Ψk(y) ≤ 0 and given (5), we have

Jk(y + λz) ≤ λ2γ0 + 2kd2 − d1∥y + λz∥µLµ ,

where γ0 = Ψk(z). Since
ρ2 = ∥y + λz∥2k = ∥y∥2k + λ2,

then λ2 ≤ ρ2. Moreover, on �nite dimensional spaces all norms are equivalent. Hence,

∥y + λz∥Lµ ≥ c∥y + λz∥k = cρ

and
Jk(y + λz) ≤ γ0ρ

2 + 2kd2 − d1c
µρµ.

Since µ > 2, the right hand part here is negative if ρ is large enough. Therefore, Jk(y+λz) ≤ 0.
If u ∈ M0, ∥u∥k ≤ ρ and λ = 0, then u = y ∈ Y and, obviously, Jk(u) ≤ 0.

Thus, Jk possesses the linking geometry, and the lemma is proved.
□

Proof of Theorem 4. Due to Lemma 5 and Lemma 6, the functional Jk satis�es all
conditions of linking theorem. Hence, Jk has a nontrivial critical point u ∈ Ek. By Lemma 1,
u is a C2-solution of equation (3) satisfying (4). The proof is complete. □

Conclusions. Thus, in the present paper a result on the existence of nontivial subsonic
periodic traveling waves in discrete Klein-Gordon type equations with nonlocal interaction is
obtained.
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ÓÄÊ 517.97

Iñíóâàííÿ äîçâóêîâèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â äèñêðåòíèõ
ðiâíÿííÿõ òèïó Êëåéíà��îðäîíà ç íåëîêàëüíîþ âçà¹ìîäi¹þ

Ñåðãié Áàê, Ãàëèíà Êîâòîíþê

Àíîòàöiÿ. Ñòàòòÿ ïðèñâÿ÷åíà âèâ÷åííþ äèñêðåòíèõ ðiâíÿíü òèïó Êëåéíà-�îðäîíà,
ÿêi îïèñóþòü íåñêií÷åííi ëàíöþãè ëiíiéíî çâ'ÿçàíèõ íåëiíiéíèõ îñöèëÿòîðiâ ç íåëîêàëü-
íîþ âçà¹ìîäi¹þ. Ïðèïóñêà¹òüñÿ, ùî êîæåí îñöèëÿòîð âçà¹ìîäi¹ ç êiëüêîìà ñâî¨ìè ñóñiäà-
ìè ç îáîõ áîêiâ. Îñíîâíèé ðåçóëüòàò ñòîñó¹òüñÿ iñíóâàííÿ ðîçâ'ÿçêiâ â òàêèõ ðiâíÿííÿõ
ó âèãëÿäi äîçâóêîâèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü. Çà äîïîìîãîþ âàðiàöiéíîãî ìåòîäó ç
òåîðåìîþ ïðî çà÷åïëåííÿ âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ òàêèõ õâèëü.

Êëþ÷îâi ñëîâà: äîçâóêîâi ïåðiîäè÷íi áiæó÷i õâèëi, ðiâíÿííÿ òèïó Êëåéíà��îðäîíà,
íåëîêàëüíà âçà¹ìîäiÿ, êðèòè÷íi òî÷êè, òåîðåìà ïðî çà÷åïëåííÿ.

Ñïèñîê âèêîðèñòàíèõ äæåðåë

1. Aubry S. Breathers in nonlinear lattices: Existence, linear stability and quantization. Physica D. 1997.
Vol. 103. P. 201�250. DOI: https://doi.org/10.1016/S0167-2789(96)00261-8

2. Áàê Ñ. Ì. Äèñêðåòíi íåñêií÷åííîâèìiðíi ãàìiëüòîíîâi ñèñòåìè íà äâîâèìiðíié  ðàòöi: äèñ. ... äîêò.
ôiç.-ìàò. íàóê: 01.01.02. Âiííèöÿ, 2020. 336 ñ.

3. Áàê Ñ. Ì. Iñíóâàííÿ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â ñèñòåìi íåëiíiéíèõ îñöèëÿòîðiâ, ðîçìiùåíèõ íà
äâîâèìiðíié  ðàòöi. Ìàòåìàòè÷íi ñòóäi¨. 2011. Ò. 35, � 1. Ñ. 60�65.

4. Áàê Ñ. Ì. Iñíóâàííÿ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â ñèñòåìi Ôåðìi-Ïàñòè-Óëàìà íà äâîâèìiðíié
 ðàòöi. Ìàòåìàòè÷íi ñòóäi¨. 2012. Ò. 37, � 1. Ñ. 76�88.

5. Áàê Ñ. Ì. Iñíóâàííÿ äîçâóêîâèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â ñèñòåìi íåëiíiéíî çâ'ÿçàíèõ íåëi-
íiéíèõ îñöèëÿòîðiâ íà äâîâèìiðíié  ðàòöi. Ìàòåìàòè÷íå òà êîìï'þòåðíå ìîäåëþâàííÿ. Ñåðiÿ:
Ôiçèêî-ìàòåìàòè÷íi íàóêè. 2014. Âèï. 10. Ñ. 17�23.

6. Bak S. Periodic traveling waves in the system of linearly coupled nonlinear oscillators on 2D lattice.
Archivum Mathematicum. 2022. Vol. 58, � 1. P. 1�13. DOI: https://doi.org/10.5817/AM2022-1-1

7. Bak S. Periodic traveling waves in a system of nonlinearly coupled nonlinear oscillators on a two-
dimensional lattice. Acta Mathematica Universitatis Comenianae. 2022. Vol. 91, � 3. P. 225�234.

8. Bak S. M. Peridoc traveling waves in chains of oscillators. Communications in Mathematical Analysis.

2007. Vol. 3, � 1. Ð. 19�26.
9. Áàê Ñ. Ì. Ñòîÿ÷i õâèëi â äèñêðåòíèõ ðiâíÿííÿõ òèïó Êëåéíà-�îðäîíà çi ñòåïåíåâèìè íåëiíiéíîñòÿ-

ìè. Íàóêîâèé âiñíèê Óæãîðîäñüêîãî óíiâåðñèòåòó. Ñåðiÿ: Ìàòåìàòèêà òà iíôîðìàòèêà. 2021. Òîì
39, � 2. Ñ. 7-21. DOI: https://doi.org/10.24144/2616-7700.2021.39(2).7-21

10. Áàê Ñ. Ì. Ñòîÿ÷i õâèëi â äèñêðåòíèõ ðiâíÿííÿõ òèïó Êëåéíà��îðäîíà iç íàñè÷óâàíèìè íåëiíiéíî-
ñòÿìè. Ìàòåìàòè÷íå òà êîìï'þòåðíå ìîäåëþâàííÿ. Ñåðiÿ: Ôiçèêî-ìàòåìàòè÷íi íàóêè. 2021. Âèï.
22. Ñ. 5-19. DOI: https://doi.org/10.32626/2308-5878.2021-22.5-19

11. Áàê Ñ. Ì. Áiæó÷i õâèëi â ëàíöþãàõ îñöèëÿòîðiâ. Ìàòåìàòè÷íi ñòóäi¨. 2006. Ò. 26, � 2. Ñ. 140�153.
12. Bak S. M., Kovtonyuk G. M. Existence of periodic traveling waves in Fermi�Pasta�Ulam type systems

on 2D-lattice with saturable nonlinearities. J. Math. Sci. 2022. Vol. 260, � 5. P. 619�629. DOI: https:
//doi.org/10.1007/s10958-022-05715-0

108

https://doi.org/10.1016/j.physleta.2013.04.035
https://doi.org/10.1088/0305-4470/29/24/035
https://doi.org/10.1088/0305-4470/29/24/035
https://doi.org/10.1016/S0167-2789(96)00261-8
https://doi.org/10.5817/AM2022-1-1
https://doi.org/10.24144/2616-7700.2021.39(2).7-21
https://doi.org/10.32626/2308-5878.2021-22.5-19
https://doi.org/10.1007/s10958-022-05715-0
https://doi.org/10.1007/s10958-022-05715-0


Bak S., Kovtoniuk H. Existence of subsonic periodic traveling waves in nonlocal DKGE

13. Áàê Ñ., Êîâòîíþê Ã. Iñíóâàííÿ íàäçâóêîâèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â äèñêðåòíèõ ðiâíÿííÿõ
òèïó Êëåéíà��îðäîíà ç íåëîêàëüíîþ âçà¹ìîäi¹þ. Ìàòåìàòèêà, iíôîðìàòèêà, ôiçèêà: íàóêà òà

îñâiòà. 2024. Ò.1, � 1. Ñ. 1�12.
14. Bak S. M., Kovtonyuk G. M. Solitary traveling waves in Fermi-Pasta-Ulam type systems with nonlocal

interaction on a 2D-lattice. J. Math. Sci. 2024. Vol. 282, � 1. P. 1�12. DOI: https://doi.org/10.1007/
s10958-024-07164-3

15. Bak S. M., Kovtonyuk G. M. Periodic traveling waves in Fermi�Pasta�Ulam type systems with nonlocal
interaction on 2d-lattice. Mat. Stud. 2023. Vol. 60, � 2. P. 180-190. DOI: https://doi.org/10.30970/
ms.60.2.180-190

16. Bak S. N., Pankov A. A. Traveling waves in systems of oscillators on 2D-lattices. J. Math. Sci. 2011.
Vol. 174, � 4. P. 916�920. DOI: https://doi.org/10.1007/s10958-011-0310-1

17. Bates P., Zhang C. Traveling pulses for the Klein�Gordon equation on a lattice or continuum with long-
range interaction. Discrete and Continuous Dynamical Systems. 2006. Vol. 16, � 1. P. 235�252. DOI:
https://doi.org/10.3934/dcds.2006.16.235

18. Braun O. M., Kivshar Y. S. Nonlinear dynamics of the Frenkel�Kontorova model. Physics Reports. 1998.
Vol. 306. P. 1�108. DOI: https://doi.org/10.1016/S0370-1573(98)00029-5

19. Braun O. M., Kivshar Y. S. The Frenkel�Kontorova model. Berlin: Springer, 2004. 427 p.
20. Fe�ckan M., Rothos V. Traveling waves in Hamiltonian systems on 2D lattices with nearest neighbour

interactions. Nonlinearity. 2007. Vol. 20. P. 319�341.
21. Ghimenti M., Le Coz S., Squassina M. On the stability of standing waves of Klein-Gordon equations in a

semiclassical regime. Discr. Cont. Dyn. Sys. 2013. Vol. 33, � 6. P. 2389�2401. DOI: https://doi.org/
10.3934/dcds.2013.33.2389

22. Henning D., Tsironis G. Wave transmission in nonliniear lattices. Physics Repts. 1999. Vol. 309. P. 333�
432.

23. Iooss G., Kirschg�assner K. Traveling waves in a chain of coupled nonlinear oscillators. Commun. Math.

Phys. 2000. Vol. 211. P. 439�464. DOI: https://doi.org/10.1007/s002200050821
24. Iooss G., Pelinovsky D. Normal form for travelling kinks in discrete Klein-Gordon lattices. Physica D.

2006. Vol. 216. P. 327�345. DOI: https://doi.org/10.1016/j.physd.2006.03.012
25. Makita P. D. Periodic and homoclinic travelling waves in in�nite lattices. Nonlinear Analysis. 2011. Vol.

74. P. 2071�2086. DOI: https://doi.org/10.1016/j.na.2010.11.011
26. Pankov A. Traveling Waves and Periodic Oscillations in Fermi�Pasta�Ulam Lattices. London�Singapore:

Imperial College Press, 2005. 196 p.
27. Pankov A. Traveling waves in Fermi�Pasta�Ulam chains with nonlocal interaction. Discrete Contin. Dyn.

Syst. 2019. Vol. 12, � 7. P. 2097�2113. DOI: https://doi.org/10.3934/dcdss.2019135
28. Rabinowitz P. Minimax methods in critical point theory with applications to di�erential equations.

Providence, R. I.: American Math. Soc. 1986. 100 p.
29. Rapti Z. Multibreather stability in discrete Klein�Gordon equations: Beyond nearest neighbor interacti-

ons. Physics Letters A. 2013. Vol. 377. P. 1543�1553. DOI: https://doi.org/10.1016/j.physleta.
2013.04.035

30. Wattis J. A. D. Approximations to solitary waves on lattices: III. The monoatomic lattice with second-
neighbour interaction. J. Phys. A: Math. Gen. 1996. Vol. 29. P. 8139�8157. DOI: https://doi.org/10.
1088/0305-4470/29/24/035

31. Willem M. Minimax theorems. Boston: Birkh�auser. 1996. 162 p.

Ïðî àâòîðiâ / About the authors

Ñåðãié Áàê, äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð, êàôåäðà ìàòåìàòèêè
òà iíôîðìàòèêè, Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ìèõàéëà Êî-
öþáèíñüêîãî, âóë. Îñòðîçüêî, 32, ì. Âiííèöÿ, 21001, Óêðà¨íà;

Serhii Bak, Doctor of Science in Physics and Mathematics, Professor, Department
of Mathematics and Informatics, Vinnytsia Mykhailo Kotsiubynskyi State Pedagogical Uni-
versity, 32 Ostrozkyi Str., Vinnytsia 21001, Ukraine;

109

https://doi.org/10.1007/s10958-024-07164-3
https://doi.org/10.1007/s10958-024-07164-3
https://doi.org/10.30970/ms.60.2.180-190
https://doi.org/10.30970/ms.60.2.180-190
https://doi.org/10.1007/s10958-011-0310-1
https://doi.org/10.3934/dcds.2006.16.235
https://doi.org/10.1016/S0370-1573(98)00029-5
https://doi.org/10.3934/dcds.2013.33.2389
https://doi.org/10.3934/dcds.2013.33.2389
https://doi.org/10.1007/s002200050821
https://doi.org/10.1016/j.physd.2006.03.012
 https://doi.org/10.1016/j.na.2010.11.011
 https://doi.org/10.3934/dcdss.2019135
https://doi.org/10.1016/j.physleta.2013.04.035
https://doi.org/10.1016/j.physleta.2013.04.035
https://doi.org/10.1088/0305-4470/29/24/035
https://doi.org/10.1088/0305-4470/29/24/035


Áàê Ñ., Êîâòîíþê Ã. Iñíóâàííÿ äîçâóêîâèõ ïåðiîäè÷íèõ áiæó÷èõ õâèëü â ÄÐÊ�

Ãàëèíà Êîâòîíþê, êàíäèäàò ïåäàãîãi÷íèõ íàóê, äîöåíò, êàôåäðà ìàòåìàòèêè òà
iíôîðìàòèêè, Âiííèöüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ìèõàéëà Êîöþ-
áèíñüêîãî, âóë. Îñòðîçüêî, 32, ì. Âiííèöÿ, 21001, Óêðà¨íà;

Halyna Kovtoniuk, Candidate of Science in Pedagogy, Associate Professor, Department
of Mathematics and Informatics, Vinnytsia Mykhailo Kotsiubynskyi State Pedagogical Uni-
versity, 32 Ostrozkyi Str., Vinnytsia 21001, Ukraine.

Îòðèìàíî / Received 11.07.2024
Äîîïðàöüîâàíî / Revised 16.08.2024

110


	1. Introduction
	2. Statement of problem and main assumptions
	3. Variational setting
	4. Main result
	References
	Список використаних джерел

