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Abstract. The article deals with the discrete Klein-Gordon type equations that descri-
be infinite chains of linearly coupled nonlinear oscillators with nonlocal interactions. It is
assumed that each oscillator interacts with several of its neighbors on both sides. The main
result concerns the existence of subsonic periodic traveling wave solutions in such equations.
Sufficient conditions for the existence of such waves are established using the variational
method and the linking theorem.
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1. Introduction

In this paper, we consider the discrete Klein-Gordon type equations

%L(t) - Z Cj [QnJrj (t) + %L*j(t) - 2Qn<t)] - dQn(t) + f(‘bz(t)) = 07 ne Z? (1)

Jj=1

where ¢,(t) is a generalized coordinate of the n-th oscillator at time ¢, ¢;,d >0, j =1,2,..., 1,
f(r)=V'(r) € C(R;R) and V(r) is the on-site potential. Eq. (1) describes an infinite chains
of linearly coupled nonlinear oscillators with nonlocal interaction, i.e., each oscillator interacts
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with [ neighbors on both sides. In the case | = 1 we obtain the discrete Klein-Gordon type
equations with local interaction. Equations (1) form an infinite system of ordinary differential
equations. We note that these systems are representative of a wide class of systems called
lattice dynamical systems, which extensively studied in recent decades. Such systems are of
interest in view of applications in physics [1, 18, 19, 22, 24, 29].

Besides, there are many works in Wthh such systems are studied from a mathemati-
cal point of view. In particular, the existence of traveling waves, including periodic ones,
in systems of linearly and nonlinearly coupled oscillators with local interactions on one-
dimensional and two-dimensional lattices has been studied in the articles [3, 5, 6, 7, 8, 11,

, 23, 25]. These models consider oscillators coupled with their nearest neighbors. Simi-
lar in structure and origin to discrete Klein-Gordon type equations are Fermi-Pasta-Ulam
type systems. The conditions for the existence of periodic traveling waves in Fermi-Pasta-
Ulam type systems with both local and nonlocal interactions on one-dimensional and two-

dimensional lattices are established in the works [1, 12, 15, 26, 27, 30|, among others. For the
continuous Klein-Gordon equation, traveling waves were studied in [17], and standing waves
in [21]. The existence of such waves for discrete Klein-Gordon type equations with saturable

nonlinearities are studied in [10], and with power-type nonlinearities in [9]. Sufficient condi-
tions for the existence of supersonic periodic traveling waves in Eq. (1) are established in

[13].

2. Statement of problem and main assumptions

We are interested in solutions of the system (1) in the form of traveling waves:
q’rl<t) = u(n - Ct)? (2)

where the function u(s) is called the profile function or simply profile of the wave, while the
constant ¢ # 0 is the speed of the wave.
Then, substituting (2) into (1), we obtain the equation

u'( Z (s+7) +uls —7) —2u(s))] — du(s) + V'(u(s)) = 0, (3)
7j=1
where s = n — ct.
In what follows, a solution of Eq. (3) is understood as a function u(s) from the space
C*(R; R) satisfying Eq. (3) for all s € R.
We consider the case of periodic traveling waves. The profile function of such wave
satisfies the following periodicity condition

u(s +2k) =u(s), seR, (4)

where £ > 0 is a real number.
For the potential V', we make the following assumption:
(h) V e CHR;R), V(0) = V'(0) = 0, V'(r) = o(r) as r — 0 and there exists u > 2
such that
0<uV(r)y<V'(r)r, r#0.
We note that under condition (h) there exist constants d; > 0, ds > 0 (see [2|, Lemma
3.1) such that
V(r) > di|r|* — dy, p > 2. (5)
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Counsider the set
Q= {c> 0] mino(&) > 0},

£eR

where

—4 Z Cj sin? = ]f

If d > 0 then 2 is non-empty.
An important role is played by quantity cq called the speed of sound in this system (see
[27]) and defined by the equation

co := inf ).

The sufficient conditions for the existence of periodic traveling waves with the speed ¢ > ¢
(i.e. the case of supersonic periodic traveling waves) were obtained in [13]. This was done
using the critical point method and the mountain pass theorem. While in the present paper
we study the case of subsonic periodic traveling waves (i.e. 0 < ¢ < ¢g) with the aid of the
linking theorem instead of the mountain pass theorem.

3. Variational setting

In a certain sense, Eq. (3) is the Euler-Lagrange equation for the action functional
k
l

amw=/{%mww—}j%w&wwwwW+§W@F—wmw}w, (6)

! =1
defined on the Sobolev space of periodic functions
E,:={uc H. (R) | u(s+ 2k) = u(s))}

with the norm
k 3

|ullx = / [Ju(s)]* + [/(s)?] ds

For simplicity denote
(Aju)(s) = uls + ) — uls), j = 1,2, ., L.
These difference operators are bounded (see |2, 25]) and for every u € Ej

A ull 2 rpy < Gl 2rmys [|A52l oo (—rpy < lo(R)W || 2=k k)s

with
(k) = 49 [+]+1, 0<2k<1,
7, 2k > 1,
where [ﬁ] denotes the integer part of

The following lemma can be obtamed by a straightforward calculation (see [2], Lemmas
4.2, 4.3):
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Lemma 1. Under assumption (h) the functional J is C* on Ej and
J(u)h =

k !

= / {cgu’(s)h'(s) + Z cilu(s+7) +u(s — j) — 2u(s)]h(s) + du(s)h(s) — V'(u(s))h(s)} ds

_k Jj=1
foru, h € Ej.
Moreover, any critical point of the functional Jy is a solution of Eq. (3) satisfying (4).

Thus, to establish the existence of solutions to Eq. (3) satisfying (4), it is suffice to
prove the existence of nontrivial critical points of the functional .J;. This requires the linking
theorem.

Let I : H — R be a C'-functional on a Hilbert space H with the norm || - ||.

We say that [ satisfies the Palais-Smale condition, if the following condition is satisfied:

(PS): Let {u,} C H be a such sequence that {I(u,)} is bounded and I'(u,) — 0,
n — oo. Then {u,} contains a convergent subsequence.

Note that, since a bounded sequence has a convergent subsequence, we can assume
without loss of generality that the sequence {I(u,)} converges.

Definition 2. A sequence {u,} of points in a Hilbert space H is called a Palais-Smale
sequence for a functional I at some level b if I(u,) — b and I'(u,) — 0 as n — oo.

Let H=Y @& Z, p>r >0and z € Z such that ||z|| = r. Define
M:={u=y+Az:y €Y |ull <p,A=>0}
and
My ={u=y+Xz:yeY ||ul|=piX>0, adi|ul] < p, A =0},
i.e. My is the boundary of M. Let
N:={ueZ:|u||=r}.

We suppose that
B = inf I(u) > o := sup I(u).

ueN uEMy
In this situation we say that I possesses the linking geometry.
Theorem 3 (linking theorem, [28, 31]|). Suppose that a C'-functional I : H — R satisfies

the Palais-Smale condition and possesses the linking geometry. Then there exists a critical
point u € H of the functional I with the corresponding critical value

b= inf max T(y(u)).

where I' :=={y € C(M, H) : v|y, = id}. Furthermore,
B <b<supl(u).

ueM
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4. Main result

The main result of this paper is the following theorem that establishes the existence of
subsonic periodic waves.

Theorem 4. Assume (h) and d > 0. Then for every k > 0 and ¢ € (0,c0] Eq. (3) has a
nontrivial solution satisfying (4).

Let’s show that the conditions of the linking theorem are satisfied for the functional Jj.

Lemma 5. Under the assumptions of Theorem 4 the functional Jy, satisfies the Palais-Smale
condition.

Proof. Step 1. Let {u,} C Ej be a Palais-Smale sequence at some level b, i.e. I(u,) — b
and I'(u,) — 0 as n — oo. Choose 8 € (u~*,271). Tt is easy to see that ||.J} (u,)|[r. < 1 and
| Jk(ur)] < b+ 1 for n large enough. Then for such n we have

b+ 1+ Bllualle > Jk(un) — BIy(un)u, =
!
_ G_ﬁ)/{ 0P =) - }ds+

k
+ / {8V (un(8))tun(s) — V(un(s))} ds.
We can assume without loss of generality that all ¢; have a fixed sign.
Ifc; <0,5=1,2,...,1, then
Ji(un) — BT} (un)un >

> %_5 k{c2|u;(s)|2+d|un(s)|2}dsz %—/3 aollual3,
(7))

where oy = min{c?; d}. Hence,

1
b Lt Bl > (5 - ) ol

and this implies that {u,} is bounded in FE.
If ¢; >0,7=1,2,...,1, then, given (h) and (5), we have

Ji(tn) — BT (Un)uy =

l
1
-(3-9) (cﬂrugniz(_w =S el + duunn;_w) n

[V nl)nls) = V(un(9)) ds =

!
1
> (3-9) (aﬂ\u;uzg(_k,k) =3 A + duunui_k,k)) -

Jj=1
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k
—i—/{ﬁ,uV(un(s)) — V(uy(s))}ds >
"k

l
1
~(3-9) (c2|ru;\r;<_k,k) =3 el + d|run|ri<_k,k)> +

j=1
k

(Bu—1) / V (1un(s))ds >

—k

l
1
> <§ - 6) (CQHUInHQL?(k,k) - Z CjHAjunH%?(—k,k) + d”“ﬂ”i(k,k)) +

j=1
+Cl||un||l£u(fk,k) — Oy,
where C > 0 and C5 > 0. Since pu > 2,
1A unl|Z2 gy < AlunllZoppy < Cllunllfuip < K(e) + el gy

where K(g) — oo as € — 0. Then

1 1
b+ 1 Blnlh 2 (5= 8) Il + (5 - 8) Aol ai
1 l 1 :
(5= 8) S olultucnn - (5-8) ok
=1 =1

_’_ClHun”iu(_k,k) — Gy =

1
—(5-8) aoluali-

!
1 ' 1
(5 5) Lot (5-7) L ettors
j=1 j=1
+Cl||un”l£u(fk,k) — Cs.
Choosing ¢ small enough, we obtain

1
b+ 1+ Bl > (3= 8) aullnl — G

The last inequality implies that u,, is bounded.

Step 2. Since {u,} is bounded in Hilbert space Ej then, up to a subsequence (with
the same denotation), w, — u weakly in Ej, hence, A;u,, — Aju (j = 1,2,...,1) weakly in
E}., and strongly in L?(—k, k) and C([—k,k]) (by the compactness of Sobolev embedding).
A straightforward calculation shows that

k

=l = [ [0 (5) = ()7 + unls) = uls))*) ds =

—k
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!
= (Ji(un) = Jp(w) (=) + Y el Ajun — Agullfapp—

J=1

—dl|un — ullZ> g + / V' (un(s)) = V' (u(5))] (n(s) — u(s))ds.

Obviously that all the terms on the right hand part converge to 0 (first and last by weak
convergence, second and third terms converge to 0 by strong convergence). Thus, |u, —u||z —
0 as n — oo, and proof is complete. O

Lemma 6. Under the assumptions of Theorem 4 the functional J, possesses the linking
geometry.

Proof. Consider the operator L defined by
l

(Lu)(s) := —c*u"(s) + ch[u(s + )+ uls —j) — 2u(s)] + du(s).

j=1
Elementary Fourier analysis shows that L is a self-adjoint operator in L?*(—k; k), bounded
below and that L has discrete spectrum which accumulated at +oo, i.e., there is a finite
number of eigenvalues below zero. We note that all eigenvalues with nonconstant eigenfuncti-
ons are double. Let Z be the subspace of E, formed by eigenfunctions with positive ei-
genvalues, and let Y be the subspace of Ej formed by eigenfunctions with non-positive
eigenvalues. It is easy to verify that Y 1. Z and E, =Y & Z.
Step 1. We write the functional Jj in the form
. k
Ti) = 5 elu) = [ Viuls)ds,
—k
where
k I
U (u) = / [CQ|U/(S)|2 - Zcﬂu(s +7) — u(s)]* + du(s)|*| ds.
"k Jj=1
It is obvious that
Uiy + 2) = Vi(y) + Wi(2),
where y € Y,z € Z, and the quadratic form W, is positive on Z, i.e.,

Ui (u) > alluli, v e Z,
where o > 0. Assumption (h) implies that, given € > 0, there exists 7o > 0 such that
V()] < er?,
if |r] < rg. Then

k
Iiu) 2 W) < [ [ufds = Wiw) -l = Sl
—k

where 5 > 0. Therefore,
Jk(u) >0
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on N ={u€ Z: ||lu||x =r} provided that r > 0 is small enough.
Step 2. Now we fix z € Z, ||z]|x = 1 and set

M={u=y+rz: yeY, [lully <p, A >0}
We prove that Jy(u) < 0 on My = dM provided that p is large enough. Recall that
My={u=y+Xz: yeyY, ||lullx =pand A >0, or ||ul|x < pand A = 0}.
Then

Je(y + A2) = Up(y) + A20,(2) — /V(y(s) + Az(s))ds.
—k

Since Ui(y) < 0 and given (5), we have
Ji(y + Az) < Nyg + 2kdy — dy ||y + Az]

s
where 79 = Wr(z). Since
2= ly + Azl = il + N2
then A\ < p%. Moreover, on finite dimensional spaces all norms are equivalent. Hence,

1y + Azl[oe = clly + Az|lk = cp

and
Je(y + Az) < Yop? + 2kdy — dyctpH.

Since p > 2, the right hand part here is negative if p is large enough. Therefore, Jy(y+Az) < 0.
If u € My, ||ul]|x < pand A =0, then u =y € Y and, obviously, Ji(u) < 0.
Thus, Ji possesses the linking geometry, and the lemma is proved.
O

Proof of Theorem 4. Due to Lemma 5 and Lemma 6, the functional J; satisfies all
conditions of linking theorem. Hence, J; has a nontrivial critical point u € E}. By Lemma 1,
u is a C?-solution of equation (3) satisfying (4). The proof is complete. O

Conclusions. Thus, in the present paper a result on the existence of nontivial subsonic
periodic traveling waves in discrete Klein-Gordon type equations with nonlocal interaction is
obtained.
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IcHyBaHHS /103BYKOBUX MEPIOANYHUX OI2KYUNUX XBUJIb B AUCKPETHUX

piBusHHaX Tuny Kieiina-TopmoHa 3 HEJIOKAIBHOIO B3a€MOIIEI0

Cepriii Bak, 'anmuna KoBToHIOK

Anomauyia. CTaTTs IpHCBATIeHA BUBIEHHIO TUCKPETHHX piBHAHD THITY Kiteitna-I oprona,

SKi OINUCYIOTh HeCKIHYEeHH] JIAHITIOIT JIIHIHHO 3B I3aHUX HEJIHIfTHUX OCIIMISITOPIB 3 HEJIOKAIb-
HOIO B3aeMOJIi€l0. [IpumyckaeThes, M0 KOXKeH OCTIIIATOP B3a€MOJIIE 3 KITHKOMa CBOIMU CYCiTa-
MU 3 000X O0KiB. OCHOBHUII pe3yIbTaT CTOCYETHCS ICHYBAHHS PO3B’SI3KIB B TAKUX PIBHSIHHSX
y BULIJIA/ JO3BYKOBUX MEPIOAUIHUX OIZKydnX XBHJIb. 3a JIOMOMOIOI0 BapiamiiiHOro MeTomy 3
TEOPEMOIO PO 3avellJiIieHHd BCTaHOBJICHO ,Z[OCTaTHi YMOBH iCHyBaHHH TaKHX XBUJIb.

Kntouo6i caosa: 1038yKoBi mepiommani 6izky«i xui, pisasans Tuny Kieitna-T opiona,

HeJIOKAJTbHA B3aEMO/IiA, KPUTHYIHI TOUKH, TeOpeMa PO 3aderieHH.
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